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Introduction. In Chapter 1 we consider the equation

M

u(t) = k(t)— J: h(t—7)A(7)u(r) d

where u, k are functions with values in a Banach space X, A is a scalar function,

and

A(t) is an unbounded operator in X which generates an analytic semigroup.

It is assumed that A(t)4~'(0) is Holder continuous and that k, & have certain
differentiability properties.
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In case A(t)=1, (1) is equivalent to

(03] duldt+ A(t)u = f(1),

3 u(0) = k(0)

where f(t) =k(t). The system (2), (3) has been thoroughly studied in the literature
(see [9], [10], [15]-[18]). Existence, uniqueness, and differentiability theorems are
well known. The solution can be represented in terms of the fundamental solution.
Local and global bounds on the fundamental solutions are also known. Most of
these results are stated in §1.2 below.

We prove, in Chapter 1, that essentially all these results are valid also for the
more general case of equation (1), provided A(0) > 0. Our treatment is based on the
following scheme. We reduce (1) to an equation of the form u=7T(u)+ F(u), where
F(u) is “small”; in case h(¢)=1 the equation reduces to u=T7T(u). We then treat
the reduced problem as a perturbation problem, employing simple fixed-point
theorem techniques.

The treatment of the fundamental solution W presents a special difficulty since
AW is generally nonintegrable (already for A=1). Thus what might be considered
the natural integral equation for W (see (1.1.5)) does not make any sense. One way
to handle this difficulty is to consider not W but rather Wx for x in the domain of
some A* (u>0). In this way one obtains a fundamental solution which may,
however, be an unbounded operator. Another method (given in §1.5) involves
replacing (1.1.5) by a ‘““weaker” equation whose solution is a bounded and
smooth operator function and showing that this solution is the fundamental
solution. This second method requires additional assumptions on A(¢); in case
A(t) is an elliptic differential operator, these assumptions roughly amount to
assuming that the leading coefficients are independent of ¢.

In Chapter 2, we consider the case where A(t) is independent of ¢. We then
employ Laplace transforms to obtain very precise global bounds on the funda-
mental solution. Under certain assumptions, we prove that the fundamental
solution belongs to L?(0, co; B(X)) for all 1 £p=co. This result is sharp, for all
but a small part of the main condition is necessary as well as sufficient in all cases
and the entire condition is necessary and sufficient in the important case when A(t)
is monotone decreasing and nonnegative.

The global bounds proved in Chapter 2 are used to derive results on the asymp-
totic behavior of solutions of (1). In fact, our original motivation for deriving the
above mentioned bounds on the fundamental solution was to study the asymptotic
behavior of solutions of (1) in a fashion similar to [5], where the case where u(t),
k(t), A(z) are all scalar functions was treated.
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CHAPTER 1. EXISTENCE, UNIQUENESS, AND DIFFERENTIABILITY

1. Statement of results on existence and uniqueness. Let X be a complex Banach
space, and let A(¢) be closed, densely defined, linear operators with domain D(A4)
independent of . We need the following assumptions:

(A) The resolvent (A\— A(t)) ™! exists for all 0=¢t<T, Re A<0, and

C

(L.1) lAT—A@) Y| = Y

where C is a constant independent of ¢, A.
(B) For any ¢, 7in [0, T),

(1.2) I(4(@®) - A(mNA~ ()| = C'|t—r|*

where C’, « are positive constants (independent of ¢, 7), and « < 1.
Note that (1.2) implies that A4(z)4~!(7) is a bounded operator, its norm is
bounded by a constant independent of ¢, =, and

(1.3) (4@~ A(NA* )] = C'|t—r|*

for any ¢, 7, s in [0, T).

Under the assumption (A), the fractional power A°(¢) of A(¢) is defined for any
real p (see, for instance, [15]). For p<0, 4°(¢) is a bounded operator, and, for
p>0, A°(t)=(A4~*(¢))~*. Thus, as the inverse of a bounded operator, 4°(¢) is a
closed (but generally unbounded) operator; its domain contains D(A) if p< 1.

We shall consider integral equations of the form

(1.4) u(t) = k(t)—J: h(t—7)A(Tu(r)dr 0=t <T)

where 4 is a given scalar function, k(z) is a given function from [0, T) into X, and
the solution u(¢) is a function from [0, 7) into D(4). We need the following
conditions on A, k:

(H) h(0)>0, h e C*[0, T), h(t) is absolutely continuous in [0, T) and k € L?(0, T)
for some p> 1.

(K) k(0) € D(4*(0)) for some 0<pu=1, k(t)=lim,_, [k(t+h)—k(t)]/h exists in
X for all 0=¢< T, and is uniformly Holder continuous, i.e.,

[k(®) k()] < clt—s?

for all ¢, s in [0, T), where c, B are positive constants, and < 1.

Note that A(f) is uniformly Holder continuous in (0, T) with exponent 1 /9,
where 1/p+1/g=1.

DErINITION. A function u(¢) from [0, T') into D(A) is called a solution of (1.4)
if u(¢) is continuous in [0, T), if A(t)u(t) is continuous in (0, T), |A(t)u(t)| is
integrable in [0, T—«) for any £> 0, and, finally, if (1.4) is satisfied. If it is also true
that #°| A(t)u()|| remains bounded for some 0<8<1 as ¢ — 0, then we say that u
is a strong solution.
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THEOREM 1. Assume that (A), (B), (H), (K) hold. Then there exists a unique strong
solution u(t) of (1.4). t*~*A(t)u(t) remains bounded as t — 0, u(t) is uniformly
Holder continuous with exponent p in [0, T) and, moreover, if k(0) € D(A) then
A(t)u(t) and du(t)/dt are continuous in [0, T).

COROLLARY. If the assumption (H) is strengthened by requiring h(t) to be Hélder

continuous in some interval [0, £) with >0, then there cannot exist more than one
solution of (1.4).

We are interested not only in proving the existence of solutions, but also in
representing them in terms of a “fundamental solution,” i.e., in terms of an
operator function W(z, s) satisfying

(L.5) wi(t,s) = I—jt h(t—1)A(T)W(r,5)dr 0 =s=t<T).

However, |A(7)W(, s)| is not integrable in = even in the case A(t)=1 (in fact, its
growth at 7=s may be like (r—s)~!); thus the integral in (1.5) cannot be taken in
the same natural sense as (1.4).

Instead of considering (1.5) directly, we first consider the equation

(1.6)  Wi(t,s) = A~*(s)— f WD) AW (r,s)dr 0 <s<t<T)

forany O<p=1.

DEFINITION. An operator-valued function W,(z, s) defined for 0<s=<t<T is
said to be a solution of (1.6) if it is continuous in (¢, s) (in the strong topology) for
0=s=t<T,if A(t)W (¢, s)is continuous in ¢ (in the strong topology) for0Ss <t < T,
if | A(t)W,(1, s)|| is integrable in ¢ in any interval (s, T—¢) with £>0 and, finally,
if (1.6) is satisfied. If also, for some 0< 8 < 1, (£ —s5)°|| A(t) W, (1, 5)| remains bounded
as t—s — 0, then it is called a strong solution.

THEOREM 2. Assume that (A), (B), (H) hold. Then there exists a unique strong
solution of (1.6). Furthermore, for 0<s<t<T,
(1.7 |A°(YW (1, )| < const(t—s)*"° (n £ p < 140).

An analogue of the Corollary to Theorem 1 is also valid.

DeriNiTiON. The operator function W(t, s)= W, (t, s)A*(s) is called the funda-

mental solution of (1.4) or (1.5).
To justify this definition we shall prove the following theorem.

THEOREM 3. Assume that (A), (B), (H) hold. Then W(t,s) is independent of p,
i.e., if x € D(A*) N D(A") then W ,(t, s)A*(s)x= W (1, s)A*(s)x. Furthermore, for any
element x which belongs to some D(A*(s)), the function W(t, s)x satisfies the equation

(1.8) W(t, s)x = x— f t h(t— 1) A(T)W(x, $)x dr,

and | A(t)W(t, s)x| = const(t—s)* .
Thus (1.5) is satisfied in the weaker sense of (1.8).
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Proof. Set w(t)=W,(t, s)A*(s)x= W(t, s)x. Applying both sides of (1.6) to
A*(s)x, we find that w(z) is a solution of

W) = x— f W= AW() d,

and, by (1.7), [|A(#)w(t)| < const(t—s)*~1. Thus (1.8) and the inequality following
it are satisfied. Since w(¢) is also a strong solution, it is unique (by Theorem 1).
Hence, if x also belongs to D(A"(s)) with some 0<v <1 then

W, (t, )4 (s)x = W (¢, 5)A*(s)x,

i.e., W(t, s) is independent of u.
In §1.5 we shall obtain further results on W.
We now state a representation theorem.

THEOREM 4. Assume that (A), (B), (H), (K) hold, that k(t) € D(4*(t)), and that
A*(t)k(t) is continuous for t € [0, T). Then the solution u(t) of (1.4) (whose existence
is asserted in Theorem 1) can be represented in the form

(1.9) u(t) = Wi(t, 0)k(0)+ f: WA, )k(s) ds.

The proofs of Theorem 1 and its corollary are given in §3, and the proofs of
Theorems 2, 4 are given in §4. In §2 we collect several results which will be needed
throughout this chapter.

2. Preliminaries. In this section we assume that the A4(¢) are as in Theorems
1-3. Then, as proved by Sobolevskii [15] and Tanabe [16], [17], [18], there exists
an operator-valued function U(t, 7) defined for 0 < » £ ¢ < T'and having the following
properties:

For fixed 7€ [0, T), U(t, ) and oU(t, 7)/ot are continuous in ¢ (in the strong
topology) in the intervals [r, T) and (=, T), respectively, the range of U(t, 7) is in
the domain D(A) of A(¢), and

.1) ou(t, r)fot+ A)U(t,7) =0 (r <t < T),
2.2) Uir, 1) =1,

the derivative oU/ot is taken in the strong topology. U(t, 7) is also continuous
(in the strong topology) in (¢, 7) for 0<r=<¢<T.

We mention further results which they have proved. If f(¢) is any bounded
function from [0, T) into X which is uniformly Hélder continuous in any interval
(e, T—e) with £>0, and if u, is any element in X, then the system

2.3) duldt+ A@)u = f(t) O <t<T),
2.4 u(0) = u,
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has a unique solution, continuous in [0, T) and continuously differentiable in
(0, 7). The solution can be represented in the form

(2.5) u(t) = UG, O)uo+ f " U, $)f(s) ds.

If uy € D(A) and f(t) is uniformly Holder continuous in any interval [0, T—e)
with >0, then du(z)/dt and A(t)u(t) are continuous in [0, T).

Analogous results hold in case f(¢) is an operator-valued function. In particular,
A@) [} U, s) ds is continuous (in the strong topology) for 0=t <T. If we use this
result with z=0 replaced by t=T,, for any 0=T,< T, we get:

Sconst<oo (To<t<T)

(2.6) ’

A(t) J: U(t, s) ds

where the constant is independent of 7.
U(t, 7) is called the fundamental solution of the equation dv/dt+ A(¢t)v=0.
The following inequalities are valid:

@D 4OUEG DA @] S Ct-1" O S0 S p< L4a),
| POLUG+At, 1)— U(t, DIA~(7)]| S CArY (1),

V=p=1,0=206=v<l+t+e,0=v—p=1,

2.8)

where_At>0, C is a constant, and « is the constant appearing in (1.2).
In §§3, 4 we shall need the following lemma.

LeMMA 1. Let 0T, <T and let f(t) be a continuous function from [T,, T) into
X, satisfying:
29 /Ol = (@), - [fO)-SfG)] = W@)t—s) Toss=t<T)

where v(t) is a positive and monotone increasing function, Q, u are positive constants
and p = 1. Then the function

2.10) F(t) = J " U fG)ds (To<t<T)
satisfies: ’
@.11) JA@F@)| £ C(r)

where C is a constant independent of T, f.

Proof. Write
+ t
A(DF(1) = {A(z)f u(t, s) ds}f(t)+A(t)f u(t, s)Lf(s)—f(1)] ds
@.12) To o
= J()f (1) + A()g(2),

and set

G0 = [ 4wUa, O -fe) ds.
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By (2.7) with p=1, 0=0, the integral of G.(¢) exists for all 20 (e<t—T,) and
G(t) = Go(¢) in X, as e — 0. Since also

LH U, s)lf()—f(1)] ds — f: U, 9lf(s)—f(0)] ds in X,

and since A(t) is a closed operator, we conclude that A(¢)g(t)=Ilim G.(¢). Since
|Ge(2)| Sconst Qu(z), the same bound holds for |A(t)g(z)]|. Next, by (2.6),
[J(2)f(2)] is also bounded by const Qu(z). By (2.12) we then see that (2.11) holds.

We conclude with a result on differentiability of solutions also due to Sobolevskii
and Tanabe, and another on analyticity of solutions due to Sobolevskii and
Komatzu [12]:

Let A()A~*(0) have m strongly continuous derivatives, let f(¢) have m strong
derivatives, and let f™(¢) and A™(¢)4~*(0) be uniformly Hélder continuous in
closed subsets of (0, 7). Then every solution of (2.3) has (m+ 1) strong derivatives
in (0, T') uniformly Hélder continuous in closed subsets of (0, T).

If A(t)4~(0) and f(¢) have strong derivatives of any order, and if

2.13) |A™NAT Q)] S MoM™m),  [f™()] S MoM™m!

forallte[0,T), m=1,2,..., where M,, M are constants, then every solutfon of
(2.3) is analytic in (0, T), i.e., in every closed subinterval of (0, T),

|[u™()| £ NoN™m!
for some constants N,, N and for all positive integers m.

3. Proof of Theorem 1. We shallreduce the problem of solving (1.4) to a problem
of solving a certain ‘“‘integro-differential” equation. First we proceed formally.
Differentiating (1.4) we get

@aG.1) deT(tt) +h(0)A(t)u(t) = k(t)— Lt h(t— r)A(v;)u(r) dr.

Writing the last term in the form
t t
f h(t—7)[A(t)— A(7)]u(7) dr— A(2) f h(t—Du(r) dr
0 0o
and introducing the function
SN 1 .
3.2) () = u(t)+ #0) L h(t—7)u(+) d=,
we reduce the equation (3.1) and the initial condition u(0)=£(0) to

diildt + h(0)A()it = k(t)+1(ii; 1),
#(0) = k(0),

(3.3)
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where

1@0) = [ b= D10 - ADU D AE) dr
(3.4)

h(0) 1o
RO O+ fo h(t— 7)) dr.

We observe that (3.2) is a classical linear Volterra integral equation, which can
therefore be inverted. That is, whenever 7, <T and whenever i#(¢) is a continuous
function from [0, #,] into X, there exists a unique continuous solution u(z) of (3.2).
Furthermore, u(t) can be written in the form

(3.5) u(t) = i)+ f: n(t — 7)ii() dr,

where n(z) is a function depending only on A(t), having the same smoothness
properties (continuity, Holder continuity, absolute continuity, etc.) as A(z). This
is proved by solving (3.2) iteratively.

LeMMA 2. (a) u(t) € D(A) and u(t), A(t)u(t) are continuous for 0=t =<t, (for some
to<T) if and only if the same is true of i(t).

(b) u(t) € D(A), u(t) is continuous for 0<t<t,, A(t)u(t) is continuous for
0<t=t, and | A(t)u(t)| is integrable in (0, t,) if and only if the same is true of i(t).

Proof. Let u be as in (a). Then #(¢) is continuous in [0, 7,]. Write
(3.6) A@)u(7) = {I+[A(t)— A(1)]4A ()} A(7)u(r).

A(t)A~Y(7) is continuous in 7 (it is, in fact, Holder continuous) since the same is
true of its inverse (by (1.2)). Therefore A(#)u(7) is continuous in r. Hence the
integral [} h(t— ) A(t)u() dr exists. Since the integral [%, h(t— )u(+) dr also exists
and since A(?) is a closed operator, we conclude that the latter integral belongs to
D(A), and

t t
A®) f h(t—r)u(r) dr = f h(t— ) A(t)u(7) dr.
V] V]
The last integral is continuous for 0 <t =<t,. To prove this, write

X)) At )u(r) — Atju(r) = {[A(t") — A@)]A ()} A(t)u(7)

and observe that the operator in braces is bounded (cf. (1.2)) by C'|t'—¢]®,
whereas A(¢)u(r) is continuous in r.

We conclude from (3.2) that ii(z) € D(A) and A(¢)ii(¢) is continuous for 0S¢t < ¢,.

To prove the second part of (a) we use (3.5) and argue as before. The proof of
(b) is similar.

We shall also need the following lemma.

LEMMA 3. For any 0<p<1 there exist positive constants H,, H, such that for
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any continuous function u(t) (0=5t=t,) with A(t)u(t) continuous for 0<t<t, and
| A(2)u(t)| integrable in (0, t,),

(3.8 Hy sup |u(t)| = sup |a(r)| = H, sup [u(r)],
O<t<tp O<t<to 0<t<tg
(39) Hy sup t*|A@u(t)| < sup t*|A@)a(t)| < Hy sup |[e“A(t)u(t)].
0<t<tg 0<t<top o<t<ty

The constants H,, H, are independent of t,.

Note that, by Lemma 2, A(¢)d(t) is well defined.
Proof. (3.8) follows immediately from (3.2), (3.5). To prove the second in-
equality in (3.9), apply #A4(¢) to (3.2). Using (3.6), (1.2) we get

“ J: h(t—)t*A(t)u(r) dr

< const sup 7| A()u(7)|.
O<t<t

Therefore,

= 4IO] S [ A@UO] + const =LA@,

from which the desired inequality follows. The first inequality in (3.9) follows by
applying the same argument to (3.5).

We now return to the system (3.3). Denoting by U(¢, 7) the fundamental solution
of the equation dv/dt+ h(0)A(t)v=0, we represent i, formally, in the form:

(3.10) i(t) = U(t, 0)k(0) + J: U(t, s)k(s) ds+ J: U(t, 5)f(@; 5) ds.

DEerINITION. A function #(t) defined for 0 <t <{, is called a weak solution of (3.3)
in [0, #,] if it is continuous in [0, t,], if @#(¢) € D(A), A(¢)ii(t) is continuous in (0, #,]
and || A(¢)i(t)| is integrable in (0, t,), and, finally, if (3.10) holds for 0<¢<t,,
with f(i; t) given by (3.4).

LEMMA 4. i is a weak solution of (3.3) in [0, t,] for some t,<T, if and only if u
is a strong solution of (1.4).

Proof. Suppose u is a strong solution of (1.4). Then, by Lemma 2(b), # satisfies
all the properties of a weak solution except possibly (3.10). From (1.4) it is clear
that u(¢) is uniformly Holder continuous in [0, #,], that du(z)/dt exists for 0 <=1,
and that (3.1) holds. To go from (3.1) to (3.3) we observe that since A(¢) is absolutely
continuous, the same is true of [} A(— r)u(r) dr, and the derivative of this integral
is almost everywhere equal to

h©)u(t) + J: h(t— vyu(z) dr.

Since, further, u(¢) is absolutely continuous in any interval (e, #,) with ¢>0, the
same is true of @(¢). We conclude that (3.3) holds almost everywhere. We shall
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prove in a moment that f(i; t) is continuous (in fact Holder continuous). Once
this is done, we shall have that all the terms in (3.3) are continuous for 0<?=<t¢,,
with the possible exception of di/dt. It will therefore follow that dii/dt exists
everywhere in (0, #,] and satisfies (3.3).

Once we have proved that f(iF; ¢) is also uniformly Hoélder continuous in ¢ in
[0, 7], then it will follow from (3.3) that i satisfies (3.10) and is thus a weak solution
of (3.3).

Now, using (3.7) and (1.2), and noting (by (3.6), (1.2)) that | A(z)u(r)|| is integrable
in 7, we easily conclude that the first integral on the right-hand side of (3.4) is
uniformly Holder continuous in [0, 7,]. The same is true of the last integral in
(3.4), since it is equal to [} A(r)u(t— 7) dr and u(t) is uniformly Hélder continuous
in [0, #,], whereas A(¢) is in L?(0, T). It follows that f(ii; t) is uniformly Hélder
continuous in [0, #,].

Suppose conversely that & is a weak solution of (3.3). Then u satisfies all the
properties of a strong solution, except possibly (1.4) and the condition that
% A(t)u(t)| = const for some 0= &< 1. We have, by (2.8) (with p=0, o=p),

N [U(+A1, 0)k(0) - U(, 0k(O)|| = [[U(t+A1,0)- Uz, 0)]4~#(0)| | 4*O)k(0) ]

@a.1

lIA

const |At |~

Thus, the first term on the right-hand side of (3.10) is uniformly Hélder continuous
with exponent p. The same is true also of the two integrals in (3.10). Hence #(¢)
is uniformly Hoélder continuous with exponent p, and the same is then true of w.

As in the first part of the proof we can now show that f(#; ¢) is uniformly
Holder continuous in [0, #,]. Consequently, (3.10) is equivalent to (3.3). By an
argument similar to that given in the first part we conclude that du/dt exists and
(3.1) is satisfied everywhere in (0, #,]. Since (3.1) is the differentiated form of (1.4),
(1.4) follows.

It remains to prove that #°| A(¢)u(z)| < const for some 0= 8 < 1. From (2.7) (with
p=1, 0=p) we get

|4 UG, O)k(Q)]| < [ADU(E, )A-4O)] [A*O)KO)] S const 1#-2.

The same bound is easily obtained for the other terms on the right-hand side of
(3.10). Hence

| A(2)i(t)| < const t#~1.

By Lemma 3, the same inequality holds for | A(#)u(?)|.

From the proof of the second part of Lemma 4 we also obtain the uniform
Holder continuity of u(z) with exponent p, and the boundedness of 2~ A(t)u(?)|
for t—0, as asserted in the last part of Theorem 1. If k(0) e D(A4), then
A(t)U(t, 0)k(0) is continuous in [0, #,], and A(¢)i@(¢) is then also continuous in
[0, #,]. By Lemma 2(a), the same is true of A(¢)u(z). Since du(t)/dt is then clearly
continuous in [0, f,] also, the proof of the last part of Theorem 1 is complete.
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We proceed to prove existence and uniqueness of a weak solution of (3.3). For

simplicity, we first impose the conditions:

3.12) h(©) = 0,

(3.13) heC?0,T) and A(t) is uniformly Holder continuous in [0, T).

The proof is given by a step-by-step procedure. The result for the first step is

stated in the following lemma.

LeMMA 5. If t, is sufficiently small then there exists a unique weak solution of
3.3) in (0, t,].

Proof. Without loss of generality we may assume that u < 1. Denote by B, the
set of all functions v(¢) from [0, #,] into X satisfying: v(¢) € D(A), v(¢) is continuous
in [0, t,], A(t)v(¢) is continuous in (0, #,] and 72 ~#| A(¢)v(¢)|| is a bounded function.
Introduce in B, the norm

(3.14) lloll = sup [o(@)]+ sup =] A()o(®)].
O<t<to O<t<ty

Since A(t) is a closed operator, B, is easily seen to be a Banach space. Set
Bon={v € By; [|vl| < M}.

Denote the right-hand side of (3.10) by Si and the sum of the first two terms on
the right-hand side of (3.10) by k(¢). Set Si=£k+ Soii. Using (2.7) we find that
k € B,. Next, by arguments given in the proof of Lemma 4 it follows that if
ii € B, then Syii € B,. If we prove that for some M >0, S maps B, into itself and
is a contraction, then it will follow that S has a unique fixed point in By, i.c., a
unique solution @ € By, of (3.10).

Now, by Lemmas 2 and 3, u € B, if and only if i € B, and

(3.15) const ||| = [lufl = const ||,
where the constants are positive. Using (1.2), (3.12), (3.13), (3.15), we get from (3.4),
(3.16) |7 G@; )] = const /|l (8 = min (1, «+p)),
(3.17) If@; )—f(@; s)| = const t|t—s|ldl] O <5<t = to)
Applying Lemma 1, we get

114 A@)S,it(t) ]| = const ¢]|d].

Since

ISod(1)]| = const £** |,
we get
(3.18) [1So@l]] < Ltofji@] (L constant).

S, is a linear operator; we conclude that if 2Lt, < 1 then S,, and therefore also S,
are contraction operators. If further M is such that 2|k||< M then S maps B,y
into itself.
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We have thus proved the existence and uniqueness of a weak solution of (3.3)
in Boy. If v is any other weak solution in [0, #,] then, as is easily seen, v must belong
to B,. Hence w=ii—v is a solution with £=0. But then

Iwll = liSwill = [ISowll < liwll, if w # O,
which is impossible; hence d=v.
LEMMA 6. There exists a unique weak solution of (3.3) in [0, T—¢] for any ¢>0.

Proof. We first prove the assertion in an interval [0, ;] for some ¢, > ¢,, with
t, —t, sufficiently small. We define a space B, in the same way as B,, except that
t, is replaced by ¢#,. The definition of B, is significantly different from that of
By, namely, B,y consists of all the functions v(¢) satisfying |[v|| < N and coinciding
with the solution u(t) for 0=t =<t,. Thus, if 0=¢=¢, then Sv=_Sii=ii, whereas if
to<t<t, then Sv=k,+ S,v where

kO = ko+ [ U6 9/@ 9 ds (o <15 1),

S;v(t) = ft UG, s)f(0; s) ds (to <t = ty).

S,v can be estimated entirely analogously to S,v. We obtain:
(3.19) ISl £ My+ Lyt —to)l[loll,
(3.20) 1o — S8l = Ly(t, — to)llv— ],

where M, is a constant depending on k, M and L, is a constant. Hence, if N=2M,
and 2L,(t,—1,) <1 then S maps the closed bounded set B,y into itself and is a
contraction. Consequently S has a unique fixed point, i.e., a unique weak solution
of (3.3) in [0, #,] in B, . This solution coincides with #(¢) in [0, #,]. As in the proof
of the previous lemma, one shows that there cannot exist any other weak solution of
(3.3) in [0, 1,].

We can now proceed in this way step-by-step to [0, #;], [0, ¢4], etc. Noting that
the constant L, can be taken to be the same for each step, the assertion of the
lemma follows.

To complete the proof of Theorem 1 it remains to remove the restrictions (3.12),
(3.13). We begin with (3.12). Introducing the functions uo=wue "%, i,=ile~ we
see that (1.4), (3.1)-(3.4) hold for this new pair of functions provided k(t), k(z),
d’h(t)/dt? (j=0, 1, 2) are replaced by k(t)e~%, k(t)e~*, (d’h(t)/dt?)e~*, respectively,
and provided we add a term —euy(?) on the right-hand sides of (3.1) and (3.4).
Hence, if we take ¢=A(0)/h(0), (3.12) will be satisfied. Since Lemmas 3, 4 remain
true for the new equations, we get the existence and uniqueness of a strong solution
of the equation obtained from (1.4) by the above transformation. The assertion for
(1.4) then immediately follows.
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We give another way of removing the restriction (3.12) which is more involved
but which has the advantage that it removes also the restriction (3.13). One modifies
the definition of B, by imposing upon its functions the condition that they satisfy
a uniform Holder condition with some fixed exponent n <u. The definition of
lloll in (3.14) is modified by adding on the right-hand side the Holder coefficient
of v. We can then proceed analogously to the proof of Lemma 5, making use also
of (3.11) and (2.8).

Now, if the condition (3.13) is not satisfied then in extending the proof of (3.17)
we obtain the desired bound on the Holder coefficient of the last integral occurring
in the definition (3.4) of f(i; t) by writing it in the form [% h(r)u(t— 7) d= and using
the Holder continuity of u(¢). In treating the first integral on the right-hand side
of (3.4) we use the uniform Holder continuity of A(¢) with exponent 1/g, where
1/p+1/g=1. The right-hand side of (3.17) is replaced by

const |t—s|" ||| where v = min (3, e, 1/g).

(3.18) holds with ¢, replaced by ¢§~*, and with obvious modifications the proof
of Lemma 5 can be completed. The proof of Lemma 6 remains unchanged.

Proof of Corollary. It suffices to prove that any solution of (1.4) is necessarily a
strong solution. We can clearly restrict ourselves to an interval 0<¢t<e with
arbitrarily small £> 0. In view of Lemma 4 it suffices to show that any solution of
(1.4) is a weak solution. Following the proof of the first part of Lemma 4 we see
that all we have to show is that f(#; ¢) is uniformly Holder continuous. Now, the
Holder continuity of the first integral on the right-hand side of (3.4) is proved as
before; the Holder continuity of the last integral in (3.4) is a consequence of our
additional assumption on A(¢). Finally, we may assume that 4(0) =0 since otherwise
we perform the reduction to this case described in the proof of Theorem 1. Thus,
f(@; t) is in fact uniformly Hélder continuous.

4. Proofs of Theorems 2, 4.
Proof of Theorem 2. Proceeding analogously to the proof of Theorem 1 we first
reduce (1.6), formally, to the system

%/+h(O)A(t)V = F(V;1),

.1 .
V(s) = A7%s),
where
t
VtF() = f h(t— {[A(t) — A(D)] A~ ()} A(D)V(7) dr
4.2) ¢

0) 1 [,
+30 YO 5o f h(t—n)V(z) dr

and where we have set V(¢)=W,(¢, s) and

4.3) () = V(t)+h—(10—) f W= V() dr.
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The analog of (3.10) is
t ~
4.4 V(t) = U, 5)A~4(s)+ f u@, »F\V; ) dr.

We can now proceed to establish analogs of Lemmas 1-6. Instead of the functions
u(t) with values in X we now deal with analogous functions with values in B(X)
(the Banach space of bounded operators on X). The analog of k() is the constant
operator A~#(s). Since all the considerations are very similar to those of §1.3, we
omit further details.

It remains to prove that W,(¢, s) is strongly continuous in (¢, s) for 0Ss<t<T.
This is true of U(t, s), and also of 4~%(s) (in fact, by [15, p. 316],

|A=#(s)— A~*(s")|| £ const |s—s'|%).

Hence, B(t,s)=U(t, s)A~%(s) is continuous in (¢, s). Recalling that the trans-
formation S, ¥ defined by the integral in (4.4) has norm less than 1/2 if ¢, is suffi-
ciently small, and verifying that ¢, can be taken to be independent of s, we can write

) Wilt,s) = B, )+ D (SIBY, 9).

Since each of the integrals (S§B)(t, s) is absolutely convergent and each integrand
is continuous in (¢, s) for 0<s <=1, each term in the series of (4.5) is continuous
in (¢, 5). Since, finally, the series in (4.5) is uniformly convergent (in fact, | S3B(t, )|
<1/2), the continuity of W,(¢, s) in 0<s=<t=¢, follows. To derive the continuity
in [0, T), we proceed step-by-step on t-intervals (compare the proof of Lemma 6).

Proof of Theorem 4. Substituting (1.9) into (1.4) we get

W.(t, 0)A*(0)k(0) + ft W,(t, 5)A*(s)k(s) ds = k(z)
(4.6) 0

—J: h(t— ) A()W (7, 0)A*(0)k(0) dr— f: h(t— ‘r){ J: AW, (7, 5)A*(s)k(s) ds} dr.

By (1.7) it is permissible to change the order of integration in the last term. We
find that it is equal to

~ f:{ f W= D) AW, 5) d-r}A“(s)k(s) ds
= — f: k(s) ds+ f: W.(t, $)A*(s)k(s) ds.
Hence, (4.6) is equivalent to
W,(t, 0)A*(0)k(0) = k(0)— f: h(t— ) A(r) W, (7, 0) A*(7)k(0) ds.

But this relation follows by applying (1.6), with s=0, to 4*(0)k(0).
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We have thus proved that the function u(¢), given by the right-hand side of (1.9),
is a solution of (1.4). Since by (1.7) || A(¢t)u(z)| is bounded by const ¢*~* as t — 0,
u(t) is also a strong solution. Consequently, it coincides with the solution whose
existence is asserted in Theorem 1.

5. Further properties of . We have not proved so far that W(t, s) is a bounded
operator. This we shall do in this section, but only under an additional condition
on the A(7). Our method is to rewrite (1.5) in a “weak” form and prove that this
equation has a solution which is a bounded operator function. Then we show that
this solution coincides with the fundamental solution of §l. In the following
condition p is a number satisfying: 0<p<1.

(B,) The domain D(4”) of A°(t) is independent of ¢, and for any ¢, = in [0, T),

(.1 4@ - ADIA~*(7)]| = C'|t—~|*

where C’, o are positive constants, and 0<a=<1.
Note that (B,) implies (B).
If (B,) holds, then we can rewrite the function j(@; ¢) of (3.4) in the form

Solit; 1) = f: h(t — {[A(t) — A(1)]A ()} 4°(T)u() dr

(5.2) o) .
50 MO+ 55 fo h(t = r)u(r) dr.

For the sake of reference we also rewrite (3.3), (3.10):

Z—f+h(0)A(t)ﬁ = k(1) +£,@; 1),
(5.3)

(5.4) i(t) = U, 0)k(0) + f: U(t, s)k(s) ds+ f: U(t, s)f,(@; s) ds.

Lemmas 2, 3 remain true if A(¢) is replaced everywhere by 4°(¢).

DEFINITION. u is a ‘p-weak solution of (1.4) in [0, #,] if @(¢) is defined and con-
tinuous for 0=1=1t,, #(t) € D(4°) and A°(¢)ii(t) is continuous for 0<t=<t,, if
[ A2(¢)i(¢)| is integrable in (0, #,) and, finally, if (5.4) holds. If u is a p-weak solution
of (1.4) then we also say that i is a p-weak solution of (5.3) or of (5.4).

If u is a strong solution then # is obviously a p-weak solution since (see, for
instance, [15])

(5.3) | 4@t} = const [ A(1)o]”[o]* 2.

Conversely, if @ is a p-weak solution then we can proceed analogously to the
proof of the second part of Lemma 4 and show that f,(#; ¢) is uniformly Hélder
continuous in [0, #,]. From (5.4) it also follows that | A(#)u(t)| < const t*~1. The
proof that u is a strong solution is then easily completed.
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We have thus established:

LeMMA 7. Assume that (A), (B,), (H), (K) hold. Then u is a strong solution of
(1.4) if and only if u is a p-weak solution of (1.4).

The proof of Lemmas 5, 6 can be modified to prove the existence and uniqueness
of a p-weak solution directly. Thus, instead of the norm (3.14) we now use the
norm

loll = sup (o) + sup £°~*|4%()o(?)].
O<t<tg 0<t<tp

Furthermore, in deriving the analog of (3.18) there is no need to use Lemma 1.

The above considerations will next be extended to operator-valued functions.
We say that W(t, s) is a p-weak solution of (1.5) in [0, T) if W(t,s) is strongly
continuous in (¢, s) for 0=s=<t<T, if W(t, s) € D(A”) and A°(t)W(t, s) is strongly
continuous in ¢ for s<t<T, if |4°(t)W(t, s)|| is integrable in ¢ in any interval
(s, T—¢) with £>0, and, finally, if

(5.6) () = U, s)+ f ‘ U(t, 7)F,(V; 7) dr
where

F(V;1) = J: h(t—o{[A(@®) — A()]A () A () V(7) dr

e .
+% V(t)+ﬁ J; h(t—7)V(7) dr,

V(t)=W(t, s) and V(t) is defined by (4.3).

Similarly, one can define a p-weak solution of (1.6). By arguments similar to
those given above, it follows that W,(z, s) is a strong solution of (1.6) if and only if
W.(t, 5) is a p-weak solution. of (1.6).

We shall need the following condition on A:

(H’) h(0)>0, he C?[0, T) and A(¢) is uniformly Holder continuous in closed
subsets of [0, T).

THEOREM 5. Assume that (A), (B,), (H') hold. Then there exists a unique p-weak
solution W(t, s) of (1.5) in [0, T). It coincides with the fundamental solution of §1
and it satisfies:

(5.8) | A°(t)W(t, s)| < const(z—s)~*.

The proof is similar to the proof of existence and uniqueness of a p-weak solution
of (5.3), as outlined above. The condition (H’) arises from the need to have the
condition (3.13) fulfilled. One cannot dispose of the condition (3.13) as in the case
of (5.3). The proof of continuity of W(t, s) in (¢, s) is similar to the corresponding
proof for W,(t, s) in §1.4.
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Finally, if x € D(A4*) then v(t)= W(t, s)x is easily seen to be a p-weak solution of

ot) = x— f " W(t— ) A()ol() dr.

Hence, by Theorem 3 and Lemma 7, W(s, s) coincides with the fundamental
solution of §1.

CoOROLLARY 1. oWt s)/ot and A(t)W(t,s) are continuous for s<t<T, and
W4, s) satisfies the equation

5.9 OW(t, s)|ot+h(Q)A)W(t,s) = F(W;t) (s<t<T)
where F, is defined in (5.7) with V(t)= W(t, ).

Proof. In fact, if A(0)=0 then this follows by arguments used in the proof of
the second part of Lemma 4. The restriction 4(0)=0 can be removed by using a
transformation W — We ™ with &= h(0)/A(0).

COROLLARY 2. If in Theorem 4 we also assume that the conditions (B,), (H') hold,
then the assertion is valid for any function k(t) satisfying (K).

Proof. By linearity, it suffices to prove the corollary for each of the functions
k(0) and k(¢)—k(0). Since the assertion for k(0) follows from Theorem 4, we can
now restrict ourselves to functions k(¢) with k(0)=0. For the function u(¢) given
by the right-hand side of (1.9), one can easily verify that

a(t) = J: W1, s)k(s) ds,

@5 1) = f F(W; 1)) ds.

Substituting (1.9) into (5.4) and using the last two relations and (5.6), we find
that (5.4) holds. Since also || 4°(¢)u(?)| is integrable (by (5.8)), u is a p-weak solution
of (1.4). By Lemma 7 it is also a strong solution, and thus it coincides with the
solution of Theorem 1.

In concluding this section we mention that various bounds which hold for
U(t, s) can be derived also for W(t, s). For instance,

(5.10) |A@)W(t, 5)|| < const(z—s)~1.

The proof of (5.10) in case 4(0)=0 follows immediately from (5.6), (5.8) and the
uniform Hélder continuity of F(¥; t). If 4(0)#0 then we perform a transformation
W — We~* with e=h(0)/h(0).

Analogs of (2.7), (2.8) can also be derived.

6. Global bounds on W. In this section, we assume that the conditions (A),
(B,), (H) hold with T=oc0. We set

(6.1) A(t) = h(O)A(r) - (h(0)/h(O)I
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and denote by V(¢, 5) the fundamental solution of the equation dv/dt+ A(t)v=0.
Then, as is easily verified, V(z, s)=e"¢~2U(t, 5), where v=~Ah(0)/h(0) and U(, s) is
the fundamental solution of dv/dt+ h(0)A(z)v=0. Since the inequality

©2) [AXN)U(L, 5)| < K(z—s)~Reat=9

is valid for any 0=<A =<1 and positive constants K, a (in fact this follows from [15]
by estimating successively the terms of @ in formula (1.39) of [15]), we also get

(6.3) ANV, 5)| < K(t—s)""e¢=9 (0 < A< 1)

with different positive constants X, a.
Our purpose is to obtain a similar estimate for W(t, s). We shall need the follow-
ing assumption:
(6.4) [h(@)] + ()] < K'e™
where K’, b are positive constants.

In what follows, various positive constants which are independent of ¢, s, 7,
¢ will be denoted by K or by c.

THEOREM 6. Assume that (A), (B,), (H), (6.4) hold with T=co. Then, for
0<s<t<oo,

6.5) |AM)W(t, s)| £ K(@t—s) e~  forany0 £ A £ p.
Proof. Writing (5.9) in the form
oW, s)lot+ A()W(t, s) = F,
and using (5.7), we can represent W(t, s) in terms of the fundamental solution
V(t, 7):
W, s) = V(t,5)+ f: ", a){ L " ho— ) A(0) — A(A~ (2} A°(r)W(x, 5) dr | do

(6.6) . f Ve, o){ f h(o—7)W(r, 5) df} do

where
woo h(t) k(@)
) = 30) Py

Applying 4°() to (4.3) with V(t)= W(t, s) we get

AP(OW(L, )

= A°()W(1, s)+,ﬁ f t h(t— ){I+[A4°(t) — A°(1)]A~*(2)} A*(D) W(=, 5) dr.

Writing #(t, 5)= | A°(t)W(t, s)||, substituting W/(t,s) from (6.6) into (6.7) and
using (6.3) (with A=p), (6.4) and the inequality

6.8) [W(r, o)l = K[4°(D)W(z, 5)|

(6.7)
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(which follows from the boundedness of 4~°(t)), we get

t
$(t, 5) < -9 4 K f et =04(z, 5) dr

K
(1—sy
from which (6.5) with A= p follows.

Noting that W(t, s) is uniformly bounded if r—s=1 (this follows from the proof
of Theorem 5), and using (6.8) and (6.5) (with A=p) for the case where r—s>1,
we obtain (6.5) in the case A=0. Finally, if 0<A<p, we use the inequality (see

(15])
l4*(®)x| = K| 4(0)x|M|x[* = (x € D(4°))

with x= W(t, s)y and y varying in X and thus obtain (6.5).

The above proof can be modified to prove, under suitable assumptions, that
| AM(¢)W(2, s)| decays exponentially. We shall need the following conditions on
V(t, s) and on h:

(6.9) |A°()V(t, 5)| < K(t—s)""e"%¢9 (a > 0),
(6.10) |h(D)| + |h(t)| < ee™® (e > 0,b > 0).

COROLLARY. Let the conditions (A), (B,), (H') hold with T=c0 and assume also
that (6.9), (6.10) hold. If ¢ is sufficiently small, depending on all the other constants
which appear in all the previous assumptions, then there exists a positive number &
such that, for 0Ss<t<oo,

6.11) AW, s)| < K(@t—s)"Pe %9 forany0 = A < p.
The proof is omitted.

7. Differentiability of solutions. Let u(¢) be a solution of (1.4). Then it satisfies
(3.1). If k, h are uniformly Holder continuous in closed subsets of [0, T), then the
same is true of the right-hand side of (3.1). Hence we can apply the differentiability
theorem stated in §1.2 for m=0, and conclude that du/dt and Au are uniformly
Hoélder continuous in closed subsets of (0, T').

Similarly, if k, » have one strong derivative, uniformly Holder continuous in
closed subsets of [0, T'), then using the previous result we see that the same is
true of the right-hand side of (3.1). Hence, if A(¢)4~'(0) has one strong derivative
which is uniformly Hoélder continuous in closed subsets of (0, 7") then by the above-
mentioned differentiability theorem with m =1, it follows that d%u/dt? and A(du/dt)
exist and are uniformly Hoélder continuous in closed subsets of (0, T).

We can now differentiate (3.1) once with respect to ¢ and repeat the previous
argument. Proceeding in this manner step-by-step, we arrive at the following
theorem.

THEOREM 7. Let (A), (B) hold and let h(0)>0. Assume that A(t)A~*(0) has m
strong derivatives (m = 0) which are uniformly Hélder continuous in closed subsets of
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(0, T, and that h(t), h(t) have m+ 1 (strong) derivatives which are Holder continuous
in closed subsets of [0, T). Then any solution u(t) of (1.4) has m+ 1 strong derivatives,
and these derivatives are uniformly Hélder continuous in closed subsets of (0, T).

One can prove, by a method similar to [15], the following:

THEOREM 8. Let (A), (B) hold and let h(0) >0. Assume that A(t)A~*(0) is analytic
in t in the interval (0, T) and that h(t), k(t) are also analytic in t in the interval [0, T).
Then any solution u(t) of (1.4) is analytic in t in the interval (0, T).

ReMark. Differentiability of solutions for ¢ in the semiclosed interval 0<t<T
can be obtained on the basis of Theorem 7. Suppose for simplicity that k(0)=0
and set k(2)=0 for — 1 =¢<0. Extend A(¢), A(¢) to —1=¢<0 so that the extended
functions are as smooth in [—1, T) as the original functions in [0, T). We can
now rewrite (1.4) in the form

1.1 u(t) = k(t)—fi1 h(t—1)A(T)u(r) dr

since, by uniqueness, u(7)=0 for —1 = 7=<0. Now one can apply Theorem 7 in the
interval (—1, T) and thereby derive differentiability properties for u(¢) in [0, T).

8. Other types of A(z). In this section we generalize the results of §§1, 5 to
equations with A(z) satisfying conditions different from (A), (B); A(z) is still a
densely defined, closed linear operator with domain D(4) independent of ¢. We
impose the following conditions:

(A*) The resolvent of A(z) exists for all0=¢<T, A0, and

8.1) [(AI—A(t))~|| £ 1/(c+|A]) for some ¢ > 0.

(B*) A(z)A-*(0) is a bounded operator, strongly continuously differentiable in
[0, T].

It follows that for s, ¢ in [0, T'],
82 |ADA @] =C  |A®A'O] = C,  AD4T'@| = C

where A(t)A~1(s) is the strong derivative of A(t)4~(s).
ReMARK. The results stated below remain valid if ¢=0. Indeed, by a transfor-
mation of the form u — ue® we may pass from the case c=0 to the case ¢>0.
Under the above conditions it was proved by Kato [9], [10] that the system

duldt+ A()u = f(¢),
u(o) = Up,

(8.3)

has a unique solution provided u, € D(A4) and f(¢) is continuously differentiable.
Furthermore, the solution can be represented in the form

(8.4) u(t) = U, Otg+ ﬂ Ut, $)f(s) ds
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where U(t, s) (the ““fundamental solution”) has the following properties:
U(t, s) is strongly continuous in (s, ) for0 < s <t = T;
U(t, s)A~(s) is strongly continuously differentiable in ¢ for s<t<T;
A@)U@, 5)A~(s)

is well defined and is strongly continuous in ¢ for s<¢<T, and
% U(t, )4-Y(s) = AG)U(, 5)A-X(s).

For later references we state the following lemma which is obtained from the
proofs in [9], [10]:

LeMMA 8. Consider the integral
t
Fo) = [ e e as
To

where f(t) is continuously differentiable in [T,, T] and T, is any point in [0, T). Then
F(t) € D(A) for any t € [T,, T), and

)
at

[4OFO] 5 €[ sup 1761+ sup

ToSsst

where C is a constant independent of T, f.
We assume the following conditions on 4 and k:
H*) h(0) >0 and heC®0,T).
(K*)  k(0) € D(A) and k() is twice continuously differentiable in [0, T').

We can now proceed without difficulty to prove an analog of Theorem 1. For
simplicity we assume that 4(0)=0. Consider first the integral equation (3.10). To
prove existence and uniqueness of a solution, we introduce the space B¢ of functions
v(t) from [0, ¢,] into D(A) such that v(¢) and A(t)v(¢) are continuous in [0, #,],
and the norm is

llell = sup [o(@®)|+ sup [A()u(0)].
O<t<tp O<t<to
We then notice, using (B*), and (H*), that f(#; ¢) (defined in (3.4)) is continuously
differentiable. Hence the transformation Sv can be defined in the same way as in

§3, and it maps B into itself.
Instead of (3.17) we now have

d 57
"?17 f@@; t)“ < const ?||u]].
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Using Lemma 8 (instead of Lemma 1) we can then prove that S maps B, into
itself and is a contraction. Next, a step-by-step procedure yields the existence and
uniqueness of a solution of (3.10) for 0 < ¢ < T. Since f(#; t) is continuously differen-
tiable in [0, T'), by the previously stated results concerning (8.3) it follows that u(z)
is a solution of (1.4). Since conversely for every solution u(t) of (1.4), the corre-
sponding # is a solution of (3.10) (here again we use the observation that f(i; t)
is continuously differentiable), it follows that the above solution u(¢) is unique.
We have thus proved:

THEOREM 9. Assume that (A*), (B*), (H*), (K*) hold. Then there exists a unique
solution u(t) of (1.4). A(t)u(t) and du(t)/dt are continuous for 0<t<T.

Theorem 2 extends to the present case only if we take p=1. Instead of (1.7)
we now have: A(t)Wy(t, s) is continuous in ¢ for s<¢<T. Note that W,(t,s)
reduces to U(t, s)4~(s) if h=1.

We define W(t, s)= W,(t, s)A(s) as the fundamental solution of (1.4) or (1.5).
(1.8) holds if x € D(4). (1.9) holds if k(0) € D(A), k(s) € D(A), and if A(s)k(s) is
continuous in [0, T').

The results of §5 can be generalized for 0< p< 1. If p=0 and (for simplicity) 4
is independent of ¢, then we can actually replace the condition (A*) by the following
weaker condition:

(A**) The resolvent of A exists for all A=0 and

M

[AI=4)" < +or

A=20;n=12,..)
where M, ¢ are positive constants.

We mention that the condition (A**) with ¢=0 is necessary and sufficient in
order for A to generate a strongly continuous semigroup of bounded operators
e~ t4 for 0<t<oo. Similarly, the condition (A*) with ¢=0 and (A) are necessary
and sufficient for 4 to generate a strongly continuous semigroup of contraction
operators and analytic semigroups respectively; for proofs, see Hille-Phillips [8]
and Yosida [20].

In case (A**) holds, the previous assertions concerning (8.3) remain true (Phillips
[13]). Hence, Theorem 9 remains true if the conditions (A*), (B*) are replaced by
(A*™).

The results mentioned in the two paragraphs following Theorem 9 also remain
true in the present case.

Proceeding analogously to §5 (with p=0), we find that if (A**) holds then
W(t, s) is a bounded continuous operator for 0<s<¢<T. Furthermore,

W(t, S) —e” (t - $)h(0)4

is strongly continuously differentiable in ¢, for 0ss=<¢<T.
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9. The case /(0)=0. We first assume that #(0)=0 but A(0)#0.
Differentiating (1.4) twice with respect to ¢ and setting

- 1 [t
©.1) i(t) = u(t)+m J; h(t—7)u(7) dr,
we get
9.2 d%i/dt2 + h(0)A(t)d = fi(@; 1)
where

fi@; 1) = k(1) + f: h(t— (A1) — A(D) A~ (D} A(7)u(7) dr

9.3
©-3) B @ d_u_ h(a)(o) L

oz wo O

Substituting #i=de®* where 2e= —h(0)/h(0), A(t)=h(0)A(t)+8 where § is an
appropriate constant, (9.2) takes the form

(9.4) azalde®+ At = fi(d; 1)

where

f KOt = () d.

fu@; 1 = e+ [ e =2ha— )[40 - A4
©.5)
A(r)[e~**u(7)] dr+ J: g(t—7)i(r) dr

where g(¢) is a suitable function which belongs to the same differentiability class
as h(t).
Formally, (1.4) is equivalent to the equation (9.4) with the initial conditions

#(0) = k(0),
di(0)/dt = k(0)+ (h(0)/2h(0))k(0).

One can now apply known results for (9.4), (9.6) in case f,(ii; t) is replaced by a
given function of ¢ in order to solve the system (9.4), (9.6). Thus, in some instances,
if A(¢) is as in §1 and if 4(0)>0, =0 then there is a way of reducing (9.4), (9.6)
to a system of the form

©.6)

L v Bow = 1403 1)

v(0) = v,
where B(z) is as in §8 and f*(v; ¢) has a form similar to (9.5). The results of §8
can then be applied, thus yielding the existence of a unique solution of (1.4).

ExAMPLE. A(¢)= —A where A is the Laplace operator in 3 variables (D(A4) can
be defined in various ways). (9.4) has the form

©.7)

.8) o%ijor2—Ad = fi(@; 1)~ (A = h(0)A-)9).
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The reduction to the form (9.7) with B as in §8 is done by setting v=(u, w) where
w=(wy, ws, W) is given by
. ou ow
divw = 3 = grad u.

For the Cauchy problem corresponding to the same operator A(t)= —A, the
fundamental solution (of the wave operator) is known explicitly and one can
therefore treat (9.8), (9.6) directly (instead of reducing it to the form (9.7)).

Consider now the case where h/(0)=0 for j=0, 1,..., m—1, and A™(0)#0.
By differentiating (1.4) m+1 times, we obtain an equation of the form

dm+ 117 m m—!ﬁ n - .
9.9) et ;0 & =y +hMO AT = fo(@; 1) (o constants).
If one can solve the corresponding Cauchy problem with f,.(%; t) replaced by a
given function of ¢, and if one can further establish suitable a priori estimates on
the solution (or estimates on the fundamental solution), then one may also be
able to solve the Cauchy problem for (9.9) using a fixed-point theorem.

10. Applications and generalizations. Let x=(x,,..., x,) be a variable point in
the n-dimensional euclidean space R", and let B< R" be a bounded domain with a
smooth boundary éB. Set Q=Bx (0, T). We consider linear partial differential
operators

(10.1) L(x,t,D) = > au(x,1)D°
lel=v

with smooth coefficients a,(x, t) in Q, where a=(ay,..., o), |e|=a;+ - +ay,
D*=0%0x%1 - - - 0x%n. L is said to be strongly elliptic if v=2m and

(-=1)"Re {l .Zz au(x, z)g«} 2 ylgPm @y > 0)
for all (x, 1) € Q, where £2=£%1 - - - ¢2n and y is a constant independent of (x, ?).

We take X to be the Banach space W32™(B) (1 <p <) consisting of all functions
in L?(B) whose first 2m-derivatives in the sense of distributions are also functions
in L?(B). The norm is given by

Jul = Z | Dul| > s
lal=2m

Denote by Ay(¢) the operator L(x, ¢, D) defined on all the C* functions in B which
satisfy homogeneous ‘“regular” elliptic boundary conditions on 9B which are
independent of ¢. The simplest example of such conditions is provided by the
Dirichlet conditions, i.e., the conditions that the function and all its normal deriv-
atives up to order m—1 are zero on 0B.

The operator Ay(t) can be extended to a closed operator 4y(¢). It is known (see
Agmon [1] and the references given there) that there exists a number y, such that
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the operator A(t)=Ao(t)+7yol has a domain dense in X and independent of ¢,
and satisfies the conditions (A), (B) of §1.

Applying Theorems 1, 7 and the Sobolev inequalities, we conclude that there
exists a unique solution u(x, t) of (1.4) and it is sufficiently smooth in Bx (e, T)
for any £>0.

As for the condition (B,), it follows from results of Kato [11] that if X= WZ2™(B)
then, for some class of elliptic boundary conditions (the Dirichlet conditions are
included), the domain of A4°(¢) is independent of ¢ if 0< p<1/2. From [7] it also
follows that (5.1) holds (when X'= WZ2™(B)) if all the coefficients a,(x, ), in (8.1),
with |a| = 2mp—n/2 are independent of ¢.

The results of §8 apply to “hyperbolic” equations. As an example we consider
(1.4) with A(t) the operator —iL(x, t, D)u arising in the Schrodinger equation,
i.e., L is a second-order elliptic operator with smooth coefficients in Q=B x [0, T].
With a standard boundary condition, the conditions (A*), (B*) are satisfied if the
coefficients of L and the boundary conditions are sufficiently smooth.

GENERALIZATIONS. Most of the results of the present chapter extend with minor
modifications to integral equations of the form

u(t) = k(t)—J:h(t—-'r, 7)A(T)u(7) dr

(the condition A(0)>0 is replaced by A(0, ¢)>0). This is true also if A(t—r, 7) is
not a scalar function but a bounded operator which commutes with the A(s),
provided the operators A*(t)=h(0, t)A(t) satisfy the same conditions that the
A(t) were assumed to satisfy in the previous sections.

We finally mention that Theorem 1 can be extended to nonlinear integral
equations of the form

¢ ¢
u(t) = k(t)— L h(t—7)A(7)u(7) dr+ J; g(t, =, u(v)) dr

provided that for any R>0, the conditions |[v]| £ R, |w| = R imply
l&, 7, A=°Op)—g(t’, 7, A=*Ow)| = CR)(|t—1"+ o—w])

for some v € (0, 1]. However, the existence and uniqueness theorem we get is only a
local one. The proof is obtained by combining the proof of Theorem 1 with the
proof of Theorem 7 in [15]. The case where 4= A(t, u) is nonlinear in u can also
be treated in this way.

11. Some results in Hilbert space. Let E be a Hilbert space, and let 4 be a self-
adjoint, positive operator in 4. Suppose u is a solution of

(11.1) duldt+Au = f(t) (0 <1t<T),
(11.2) u(0) = uo
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where u, € D(A'/?) and f{(¢t) is continuous in [0, 7). We then have (cf. [14]):

LEMMA 9. Under the foregoing assumptions,
S S
(11.3) f | ul? dt gf If|? de+ | A¥2ug|? for0 < s < T,
0 0

Proof. It suffices to consider the case where u is sufficiently smooth, since the
general case then follows by approximation. We have:

(11.4) IF12 = \ldujdt+ Aul® = |dujdt|*+ | Au|®+J

where
J = (du/dt, Au)+(Au, duldt) = d(u, Au)/dt = d | A %u|?/dt.

Now integrate (11.4) and use the last expression for J.

Lemma 9 can be used to solve (1.4) in case u, k are functions with values in the
Hilbert space E and A(¢) is “nearly self-adjoint.”” We maintain the assumption
(A), but replace (B) by the following assumption:

(C) (i) For every s € [0, T) there exists a self-adjoint positive operator 4, with
domain equal to D(A), such that, for any &> &t —s),

|Asu—A@u| = e dul| + Ci(e)ul;

here e(t) is a continuous function with &,(z)>0 if 1#0, £(0)=0 and Cy(¢) is a
constant satisfying: Cy(e) — oo if ¢ — 0.

(ii) A;A~*(t) and A(¢)A; ! are continuous operators in ¢.

Under the conditions (A), (C), (K) we can then prove an existence and uniqueness
theorem for (1.4) provided only A(0) >0 and 4 € C*[0, T).

The proof is obtained step-by-step on t-intervals. In the first step we consider
(3.1) and rewrite it in the form

% +h(0)Aou = h(0)[Ao— A(t)]u(t) +k(t)— J: h(t— 1) A(Du(7) d-.

We then apply the technique of §3, employing Lemma 9 instead of Lemma 1.
Further details are omitted.

It is worth noting that the condition (C) is satisfied for strongly elliptic equations
(with “regular” elliptic boundary conditions) when the leading coefficients are real-
valued (compare §7).

Using the equation (3.1) one can immediately extend the differentiability and
analyticity theorems of Friedman [6] (which were derived for equations of the form
(2.3)) to solutions of (1.4). Using the notation of [6], the differentiability theorem
takes the following form:

If k(¢)e H™(0,T), h(t)e C™[0,T) and A(t)A~'(s) has m—1 continuous t-
derivatives, where m22, and if, finally, (1.1) holds for all X pure imaginary with
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|A| = N where C and N may depend on t, then any solution of (1.4) is in H™(e, T—¢)
for any £>0.

The analyticity result is similar.

We conclude with a uniqueness theorem. We shall assume that (1.1) holds for
Re A=0, where {o,} is a sequence of negative numbers which converges to —oo,
and (instead of (1.2)) that

I4(@)— AN~ ()] < 8(—7)

where 8(¢) is a continuous function with 8(0)=0. We finally assume that 4(0) >0
and ke C[0, T). We then have:
Under the foregoing assumptions, if u is a solution (1.4) with k=0 then u=0.
The proof is similar to the proof of Theorem 1 of [4].

CHAPTER 2. GLOBAL BOUNDS AND ASYMPTOTIC BEHAVIOR

In this chapter we consider the case where A(¢) is independent of ¢, but we
derive very precise global bounds on the fundamental solution. In fact, under
suitable conditions on 4 and A4, we prove that some of these bounds are both
necessary and sufficient in order that a certain relation between 4 and 4 should
hold. The bounds are then used to study the asymptotic behavior of solutions.

1. Preliminaries. Let X be a complex Banach space. By L?(q, b; X) (with
1 £ p <00) we denote the Banach space consisting of equivalence classes of measur-
able functions f(¢) from (a, b) into X with finite norm

I Olran = { fb ol dt}””.

When there can be no confusion about the interval (a, b), we denote this norm

simply by | /(1)].>.
If f(¢) is a function from (0, o) into X, its Laplace transform f"(s) is defined by

1) = L " emf() dr

whenever it exists.

We denote by H?(«; X) the class of all functions g(s) from Re s>« into X,
which are analytic in Re s>« and satisfy the following conditions:

(@) supes>a[f2, [8(o+in)|P dr]' <o0;

(b) gle+ir)=lim,., g(c+ir) exists almost everywhere and belongs to
LP(—o0, 0; X).

We shall need the following result [8, Theorem 6.3.2]:

LemMMA 1. Let f(t) e L*0, T; X) for any T>0 and assume that [J e=*f(¢) dt is
absolutely convergent for any s with Re s>« where o 20. Set

w

few =5 [ (1-E)eoroprgrinar o> a.
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Then lim,,, , f(t, w) exists and equals f(t) for almost every t>0, and equals zero for
t<0.

COROLLARY. If f,, f> satisfying the same assumptions as f, and if f{(s)=f5(s)
for Re s> «, then f1(t)=f5(t) for almost all t>0.

We shall also need
LEMMA 2. Let g(s) € HY(e; X), «20. Then the function

1 y+i ,
= — S =
[0 =3[ " es0ds vz
is defined and independent of y for all t € (—o0, o). f(¢) is zero for t <0, is continuous
in t, its Laplace transform coincides with g(s), and if «=0 it converges to 0 as t — co.

The fact that fis independent of y follows from [8, Theorem 6.4.1] and Cauchy’s
theorem; the other parts of the lemma follow from the remark following Theorem
6.6.1 of [8] and the usual proof of the Riemann-Lebesgue theorem.

We denote by B(X) the Banach space of bounded linear operators on X. For any
linear operator A on X, we denote by o(A4) and p(A) the spectrum and the resolvent
sets of A, respectively.

DEFINITION. A measurable function S(¢) from (0, ) into B(X) is called a
Sfundamental solution of the equation (1.1.4) if S(¢) € L(0, T; B(X)) for any T>0
and if

t
(1.1) S(t) = I-4 f h(t—7)S(z) dr for almost all ¢ > 0.
(4]

We shall also call S(¢) a fundamental solution of (1.1).

As in Chapter 1, we cannot introduce A inside the integral since AS(7) is generally
not integrable in (0, T') for any 7>0 (even if A=1). S(¢) may be conceived as a
“weak solution” of (1.5). A different type of weak solution was considered in
subsection 1.5. It will be shown later on that if 4 is sufficiently smooth then the
fundamental solution S (as presently defined) coincides with the fundamental
solution W of Chapter 1.

We now introduce several conditions which will be used throughout this chapter.

DEFINITION. A linear operator 4 in X is said to belong to the class  if’:

(ia) A is closed and densely defined;

(iis) o(A)<{A;|arg A| Sm/2—¢, Re A2 Ay} for some £>0, A,>0;

(ilia) [[(M—A)~2| Zc/|A] if |arg A| > /2 —e.

Note that, for fixed ¢, the condition (A) of §1.1 coincides with the conditions
(iia), (iiia).

DEFINITION. A scalar function h(?) is said to belong to the class $ if:

(in) h(0)>0 and A(¢) is absolutely continuous in [0, T') for any T>0;

(iin) A(t) € LY(0, 00).
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Since h e LY(0, ), we can introduce the function
(1.2) g(s) = h(0)+4"(s) for Res = 0.

Since A(t) is a bounded function, the right-hand side of (1.2) is equal to sA™(s)
if Re s>0. Hence we can define A™(s) by continuity to Re s=0, s#0 and thus
obtain:

(1.3) g(s) = h(0)+h"(s) = sh™(s) for Res = 0,s # 0.

If g(0)#0, then, by continuity, A~(0)=oc0; thus 1/A"(0)=0. In general define
1/h™(0) as the set of all limit points of 1/A™(s) as s — 0, Re s=0.
The set

(1.4) A = {—1/k(s); Re s = 0}

will play a fundamental role throughout this chapter.
Finally we remark that the complex plane will be denoted by C.

2. Sin L?(0, oo; B(X)) for 2<p<oo. The main result of the present section is
the following:

THEOREM 1. Let he , A€ U. If
2.0 A < p(4)\{o} and g(0) #0

then there exists a fundamental solution S(t) of (1.1) and S(t) belongs to
L0, 0o0; B(X)) for any p with 2<p <oo. If So(t) is another fundamental solution and
if e*Sy(t) belongs to L'(0, co; B(X)) for some r=1, « 20, then Sy(t)=S(t) almost
everywhere.

Note that the conditions in (2.1) can be stated equivalently as the following
conditions:

2.2 A < p(4),
(2.3) g(s) # 0 for all s with Res = 0.

LeMMA 3. Let he 9, A €N and let (2.2) hold. Then there exists an open set A
in the complex plane having the following properties:

o(d) < A,
ANA =g,

An{x A

v

A < {X; |larg A| £ w/2—¢[2} for some A, > 0,
A c{\;Re )X = A} for some Ay > 0.

A is a finite union of domains, of which all but one are bounded, and the boundary
C of A consists of a finite number of smooth Jordan arcs.
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Proof. For any s,>0, set
Ay(so) = {—1/h"(s); Res = 0, |s] = so},
Ag(so) = {—1/h"(s); Res 2 0, |s| < so}-
By (1.2),
.4 sh™(s) = h(0)+o(1) as |s| — co.
Hence,
|arg s+arg A7(s)| < ¢/3
if, say, |s| = so. Since Re 520, this means that
|m—arg [—1/H7(s)]] < 7/2+¢/3.
Consequently,
As(so) = {A; |[m—arg A] < 7/2+¢/3}.
From (2.4) it also follows that
| =1/h7(s)| = s,/2h(0) if |s| = sy,
provided s, is a sufficiently large number. Thus, if s, =max (so, 5,),
2.5) As(sg) < {A; |[m—arg A| < w/2+¢/3, |A| 2 A, = 5,/2h(0)}.
The domain
Ay ={X;|arg A] < 7[2—¢/2, |A] > A}

is going to be the part of A which lies outside the circle |A| =A,. It remains to define
the part of A which lies in the disk [A| £A;.

The sets A=A N {X; |A| £A,}, o’ =0(4) N {A; |A] £A,} are disjoint compact sets,
and the points z;=A,e'% (j=1, 2) where 8, =n/2—¢/2, 0,= —n|2+¢/2 do not belong
to these sets. Furthermore, the arc I" on |A| =, joining z, to z, clockwise does not
intersect A’, whereas the complementary part I'* of the boundary of

{A;]A] < A, Re A > 0}
does not intersect o’.

Given a compact set B, its complement consists of domains, one of which is
unbounded. Each of the bounded domains will be called a hole of B.

We claim that there are no holes of ¢’ U I" which contain points of A’. Indeed,
suppose there is a point A, € A’ lying in a hole H of ¢’ U I'. Observe, by (2.4), that
A contains points A’ with |A’| > A,. Since A is a domain, there is an arc y connecting
Ao to A’ and lying in A. This arc must intersect ¢’ U I', which is impossible since
ANnT=g (by (2.5)and A N o'= g (by (2.2)).

Suppose first that there are also no holes of A’ U I'* which contain points of ¢’,
and denote by A*, o* the sets obtained by ““filling” the holes of A, o respectively.
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Then A* N o*= @. It is easy to show that there is a smooth arc C; joining z; to
z, which does not intersect A* U ¢* and such that the union of I' and the interior
A, of C, U T contains o*, but A, N A*=x. (One way of showing this is to intro-
duce a mesh by lines parallel to the coordinate axes, replace A*, ¢* by larger closed
sets A, & with A N é= s such that each consists of a finite number of closed
polygons bounded by lines of the mesh.) Thus, the lemma is proved if there are
no holes of A" U I'* containing points of o’.

It remains to consider the case where some holes of A’ U I'* do contain points of
a(A). Enumerate these holes and denote them by H;. If their number is finite, then
we modify the previous argument, filling all the holes other than the H;. We then
construct C, as before such that the union of I and the interior of C, U I contains
all the points of o’ except those which lie in the H;. We next construct in each H;
a domain P; containing ¢’ N H,, such that P, "N A=w. Now we take A, as the
union of the P; and the interior of C, U . It is easily verified that A=int (A, U A,)
has all the required properties.

To complete the proof of the lemma, we show that the number of the H; must
always be finite. Indeed, if not, then the area of H; tends to 0 as j — co. We can
therefore pick, for each j, one point «; in H; N ¢’ and another point B, in A’ such
that |o;—B;| — 0 as j — oo. B, can be written in the form

B; = —1/h"(o;) for some o; with |o;| < 55, Re 0; 2 0.
We may assume that o; — o*. Then
o = lime; = lim B; = —1/h"™(o*).

Since the right-hand side lies in A whereas the left-hand side lies in o(4) (since
a(A) is a closed set), we get a contradiction to (2.2).

LEMMA 4. Lethe 9, A € W and let (2.1) hold. Let A be as in Lemma 3. Then there
exists a positive constant c¢ such that

(2.6) [F~ @)+ M$)| < cf(|A] +]s])
for all \e A and for all s with Re s= 0.

NoTtATION. In this and in the following sections, various positive constants
independent of A and s will be denoted by c.
Proof. Rewrite (2.6) in the form

@7 [L/B(8)+A] > c(|A| +]s]).

If (2.7) is not satisfied then there exist sequences {s,}, {\,} with Res,=0, A\, A
such that

2.9 [1E (s0)+ Aal = (|A] + [sa])/n.

We may assume that each of these sequences is either convergent or divergent to co.
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If 5, — s*, there are two possibilities: either A, — A*, in which case (2.8) implies
1A (s*)+A* =0,

contradicting the fact that AN A= @, or A, — o0, in which case (2.8) becomes:
|As] £|As|/n+ ¢, which is impossible.
Suppose next that s, — co. Using (2.4), we obtain from (2.8)

2.9 |82/R(0) + 0(82) + Aa| = (|An] + |82])/.

If A, — A* then it follows that |s,| < c|s,|/n+ ¢, which is impossible. Hence A, — co.

Consider next the case where {s,/A,} is a convergent sequence. By selecting a
subsequence we may assume that A,/|A,| — e*. Since A, € A, we have cos §>0.
Dividing both sides of (2.9) by |A,| and letting n — oo, we get

|lim (s,/|Az|) +cos 6+isin ] = 0.

Since Re s, =0, the last equality is impossible.

Thus we may assume that s,/A, — 00, i.e., A,/s, — 0. Dividing both sides of
(2.9) by |s,| and letting n — oo, we then get 1/h(0)=0, which is impossible. This
completes the proof of the lemma.

We proceed to the construction of a fundamental solution. First we obtain
explicit formulas by formal calculations. Taking the Laplace transform of (1.1) we
get S7(s)=1/s— Ah"(s)S7(s), so that

(2.10) 57(s) = [sI+g(s)4]"2.

The right-hand side can be expressed by the Dunford integral (see [2, p. 601])

@.11) ﬁ J; (M= A)-1$,(s) d),
where
(2.12) S\(s) = 1/(s+Ag(s)) (AeA,Res = 0)

and C is as in Lemma 3. Thus we shall first study the function in (2.12). (But see
the remark at the end of this section.)

LEMMA 5. Let he ©, A€ N and let (2.1) hold. Then the function S\(s) is analytic
for Re s>0, continuous for Re s =0, and satisfies

(2.13) 1S3 = c/(|A] +]s))

Proof. The assertions concerning analyticity and continuity follow from the
corresponding properties for g(s) and the fact (see Lemma 3) that s+ Ag(s)#0 if
Xe A, Re s=0. Next,

IS\ = 1ls[1+M>@)]| < ¢/|g@I(Al+s])
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by Lemma 4. Since, by (1.2) and (2.3),

2.14) I1/g@)| = ¢,

(2.13) follows.

From Lemma 5 it follows that $,(s) belongs to H?(0; C), where p is any number
with 1 <p=<oo. Therefore, a standard argument shows that S(s) is the Laplace
transform of a function S,(z) and

L[
SA(I) = 271. e eStS)\(s) ds.

By the theorem of M. Riesz, if 2<p<oo and l/g+1/p=1,

IS0l s <[ 18 0al] "

AT ol < 5
too (IAI+ISI)“] =
where (2.13) has been used.

Let C, be the intersection of the contour C of Lemma 3 with the disk {A; |A| <n}.
Consider the function

IA

(2.15)

II/\

,,(z)_—- f (= A)-18,(2) dM.

The operator S(¢) can be shown to be analytic in A for A € A and any fixed >0,
but since this fact is not needed we omit the proof.

We claim that {S,(¢)} is a Cauchy sequence in L?(0, co; B(X)) for any 2<p <co.
In fact, if n>m and C’'=C,\C,,

[[Sn(®) = Sm(®) |2y < —f [(AT— A4) =2 || aex) | Sa(2)] |dA|

e [ Ison i

II/\

Hence, by (2.15),
|d)] .
“S,,(t)—sm(t)"Ll’ Sc c,l—;\lle-%o 1fn,m—>oo.
The limit in L?(0, co; B(X)) of the S,(¢) is denoted by
. l -1
@.16) S() = 5 J; (= A)-18,() dM.

Since S(¢) is in L?(0, o0; B(X)), it has a Laplace transform S7(s), defined for
Re s>0. Using Fubini’s theorem we get from (2.16),

Q.17 S7°(s) = =— j (M= A)"18,(s) dX = [sI+g(s)A]™Y,

where the last equality follows from [2, p. 601].
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We now prove that the function S(#) defined by (2.16) is a fundamental solution.
From (2.17) we have:

(2.18) T+h()A)S7(s) = % I

Applying 4~ to both sides of this equality, we get
(2.19) A7IS7(S)+H()S7(s) = A7 Ys.

We shall now verify the relation
t
(2.20) AIS(1)+ f h(t—7)S(r) = A1,
0

Since A~ is a bounded operator and S € L?(0, co; B(X)), the convolution theorem
shows that the Laplace transforms of both sides of (2.20), for Re s> 0, coincide
with the corresponding sides in (2.19). By the Corollary to Lemma 1 it follows that
(2.20) is valid.

From (2.20) we see that the convolution 4 * S is in the domain of A. Applying
A to both sides of (2.20), (1.1) follows.

To prove uniqueness, suppose Sy(¢) is another fundamental solution, and
suppose that e*Sy(¢) € L'(0, 0; B(X)) for some r=1, «=0. Writing (1.1) for S,
applying 4~* and then taking the Laplace transform, we get (2.19) for Sg(s)
when Re s>a. Applying A to this equation we get (2.18) for S;. Hence S7(s)
=385(s) if Res>a. By the Corollary to Lemma 1 it follows that S(z)=S,(¢)
almost everywhere.

REMARK. If B(X) is a Hilbert space, the proof of Theorem 1 can be simplified.
In fact, we define S”(s) by (2.10), and using (2.5) and (iii,) we obtain

(2.21) S~ = c/(1+]s]).

Since B(X) is a Hilbert space, and since S7(s) is analytic for Re s>0 and (by
(2.21)) in L? (1 <g=<00) on vertical lines, we conclude that S7(s) is the Laplace
transform on operator function S(¢) € L?(0, co; B(X)) for any 2<p <o, and

[Cisora]™ s [ isoorea]™ (G- 1)

One can now verify, as before, that S(¢) is a fundamental solution. When B(X)
is a Banach space, the theory of Fourier transform is not available to be applied
to the operator S7(s). Consequently, it is not possible to assert directly that
S7(s) is a Laplace transform. Thus we were forced to study the scalar functions
Sx(s) first and, for this purpose, to prove Lemmas 3 and 4.

3. Sin LY0, o0; B(X)). In this section we shall strengthen the conditions on
h and then prove that S(z) belongs to L?(0, co; B(X)) for any 1 <p <co. Note that,
by Holder’s inequality and Theorem 1, if one proves that S(z) € L'(0, co; B(X))



1967] VOLTERRA INTEGRAL EQUATIONS 165

then also S(¢) € L?(0, oo; B(X)) for 1 <p<2, and thus for all 1 <p<oco. We shall
also derive necessary conditions for the existence of a fundamental solution which
is in LY(0, co; B(X)). For h monotone decreasing and 20, the necessary conditions
are precisely the conditions (2.1).

We need the following condition on 4:

(iiip) th(t) € LY(0, 00).

THEOREM 2. Let he , A €U and let (iii,) and (2.1) hold. Then there exists a
Jundamental solution S(t) of (1.1) in L?(0, co; B(X)) for all 1 <p<oo.

Proof. All we have to prove is that the fundamental solution S(¢) which was
constructed in §2 belongs to L(0, c0; B(X)).
We first extend Lemma 5:

LEMMA 6. Let he 9, A€ N and let (iiiy) and (2.1) hold. Then, in addition to the
assertions of Lemma 5, we have:

(3.1 1$36)| < c|Al/(|]A|+]s])3 for Res = 0, A€ A.
Proof. From (2.12) we have:
(3.2 85,) = —[1+ 22’ @IS\

A simple calculation shows that g'(s) is the Laplace transform of — th(t). Therefore,
by (iiiy), g'(s) is a bounded function for Re s>0. (3.1) now follows from (3.2) and
(2.13).

LeEMMA 7. Let the assumptions of Lemma 6 hold. Then

(3.3) (AN
(34 ISx@®)]r < ¢/|A]2,  if1<p =2,

IA

c/[A¥r,  if2 S p < oo,

S /A, if2 < p < oo,

Proof. (3.4) with 2 < p < oo was proved in §2 (see (2.15)). Since S;(s) is the Laplace
transform of —tS,(¢), we can proceed analogously to the paragraph following the
proof of Lemma 5 and, using (3.1), obtain (3.3). Next,

X [ L IS0 dz]”2+ [ J’l N -;’-,f] 1'2[ f:’ 1Sy (2)]? dt] "

c

= IS\ O]z + 183D 2 = [A]72

where we have used (2.15) and (3.3). Having proved (3.4) for p=1, the result for
1< p <2 follows from the results for p=1 and p =2, by using Holder’s inequality.

Using (3.4) we can now proceed as in §2 to show that S(¢) is the limit in
L0, o; B(X)) of the S,(t), for any 1 <p<2. Thus S(¢) € L?(0, c0; B(X)) and the
proof is complete.
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We next prove a theorem which shows that the condition (2.2) and a part of the
condition (2.3) are necessary for S(¢) to belong to L*(0, co; B(X)).

THEOREM 3. Let h e 9, A € A and assume that there exists a fundamental solution
S(@) of (1.1) in L*(0, c0; B(X)). Then (2.2) holds and g(0) #0.

Proof. To prove that g(0) #0 we use (2.19) (which follows from (2.18)). Multiply-
ing both sides by s and taking s — 0, we get (since S”(s) is continuous in s)

g0)S™(0) = 474
hence g(0)#0. To prove (2.2), note that S”(s) must satisfy (2.18) and must be a
uniformly bounded operator for Re s=0. Writing (2.18) in the form
(3.5 AI-A)g(5)S7(s) = =1 (A = —1/h"™(s))

and recalling that g(s) is a bounded function for Re s >0, we conclude that for each
point A € A N p(A)

[(AT—A4)~*| £ ¢ (cis independent of X).

Hence there exists a disk about A, with radius 8 independent of A, which is con-
tained in p(4). Thus the set A N p(A) is closed and open in A. If we show that it is
also nonempty then, since A is a closed domain, the set A N p(A4) must coincide
with A, i.e., A< p(A4). Now, in the first steps of the proof of Lemma 3 it was shown
that if |s| is sufficiently large and Re s=0, then A= —1/A"(s) belongs to p(A);
thus, in fact, A N p(4) is nonempty.

Consider the case where h(t) is monotone decreasing and nonnegative. Then,
by (1.2),

2(s)] = h(0)— fo " lesth()| dr 2 hO)+ fo * h(t) dt = h(oo)
if Re s20, and
2(0) = h(0)+ j: h(t) dt = (o).

Hence (2.3) holds if and only if g(0)#£0, i.e., if and only if A(c0)#0. Combining
Theorems 2, 3 we thus obtain:

THEOREM 4. Let A € U and let h be a nonnegative monotone decreasing function
in 9, satisfying (iiin). Then there exists a fundamental solution S(t) of (1.1) in
LY(0, oo; B(X)) if and only if (2.1) holds, or if and only if (2.2) holds and h(c0)> 0.

4. Further bounds on S. In this section we replace the condition (iiiy) of §3 by
the stronger condition:
(i) rA(t) € LY(0, o) and, for some p with 1<p<2, h(t) € L*(0, o) and

@.1) J: [h(r+1)—h(r—1)|? dr = O(r) as 0.
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We shall then prove that S(¢) is continuous and converges to 0 as ¢ — 0. We
shall also get an estimate on A4°S for 0< p <1, which will be needed in §6.

LEMMA 8. Let he  and let (iiiy)) hold. Then h(t) has a Laplace transform
h~(s) € H%(0, C) for all 1 <q < oo0.

Proof. Since A(t) e L!, h"~(s) e H*(0, C). By [19, Theorem 84], we have that
h"(s) € HY(0, C) for every 1<gq<p/(p—1). Now use Holder’s inequality to get the
assertion for any 1 <g=oo.

THEOREM 5. Let he , A € ¥ and let (2.1) and (iiiy") hold. Then S(t) is continuous
for t 20 and its norm approaches zero as t — co.

Proof. Let E(z) be the fundamental solution of dv/dt+h(0)Av=0 (see §1.2).
Using (2.13) and the first equation in (2.17), we get

ldA] . ¢

42 1wl s e [ 1015 s 7 itResz0,
By [8], E~(s) exists and is given by
4.3) E~(s) = [sI+h(0)A4]2.

Using the second relation in (2.17) we then obtain

S7(s) = E7(s)—[g(s) — H(O)]AE"(5)S"(s)

4.4
= E™(s)—h"(s)AE"(5)S"(s),

where the facts that the operators E~, ™, AE” and AS™ (by (2.17)) are bounded
and commute with each other have been used. We can thus write

4.5) S7(s) = E7(s)—T7(s)
where
IT°@| = |G| 14E°G)] 1S 6] £ (/0 +]|s)IFE)];

here we used (4.2) and the fact that |AE"(s)| <c.

Since, by Lemma 8, [A"(s)| € L? on vertical lines Re s=« 20, | T"(s)|| belongs to
L on these vertical lines. Hence T(s) € H*(0; B(X)). By Lemma 2 it is therefore
the Laplace transform of a continuous operator-valued function 7(¢), and
|T(t)| — 0 as t — 0.

From (4.4) and the Corollary to Lemma 1 we get:

(4.6) S(t) = E(t)—-T(t)

and since (see [8]) E(r) is continuous in ¢ and || E(t)| — 0 as ¢ — oo, the proof is
complete.
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THEOREM 6. Let he 9, A € N and let (2.1) and (iiiy") hold. Then, for any 0<p=<1,
A*S(t) is a bounded operator for t>0, and

4.7 | 4°S(@)| = cfte.
Proof. By (2.17),
|AS~@)| = | AlsI+g(s)4]7*|
= |I-I+h()A)g@)] = |[I-557(s))/g(s)].-
Using (2.14), (4.2), we then get
14S7@)| = e

Hence, by (1.5.5) with A(t)=A4, v=S87(s),
4.8) [4287(s)] = e/(1+]s])*=*.

Next, from the definition of 4~° and from (4.3) it follows that 4 ~* commutes
with E~. Hence A**?E~A-?=AE". It follows that A'*°E~>AE"~A4*. Since
AE"A*S” is a bounded operator, we then obtain the equality

AYVtPENS™ = AETAS”.
Hence (4.4) gives
4.9 APSN(S)— APEN(s) = —h"(s)AE"(s)A*S™(s) = G(s).
Noting, by (4.3) and (iii,), that |AE"(s)| < ¢ and using (4.8), we then obtain
IGOI £ (el(1+|sh*-2)|h ).

By Lemma 8, the right-hand side belongs to L! on any vertical line Re s=«
with « 2 0. Observing next, by (4.3), that AE"(s) is analytic in s for Re =0, and,
by (2.17), that AS7(s) (and, therefore, 4°S”(s)) is analytic in s for Re s=0, we
see that G(s) is analytic in s for Re s=0. We can therefore apply Lemma 2 and
conclude that there exists a bounded operator H(¢) such that H"(s)=G(s). Hence
also (4-°H)"(s)=A"°G(s).

Writing (4.9) in the form

S7(s)—E7(s) = A=°G(s)
and applying the Corollary to Lemma 1 we get
S(t)—E(t) = A~H(1).
Hence,
(4.10) |4°S(r)— 4°E()|| = |H()| = .
Since, finally, | 4°E(1)| £ ¢/t*, (4.7) follows.
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5. Further bounds on S (continued).

DEerFINITION. We say that & belongs to the class , if A satisfies the conditions
(in), (iip) of §1 (i.e., if A € $) and the additional conditions:

(o)) t™h(t) € LY(0, 00);

(B) for some p, with 1 <p=<2, h(t) € L?(0, ) and (4.1) holds. If instead of («)
we have:

(«") e"h(t) € L0, o) for some v>0,
then we say that 4 belongs to 9.

The results of §4 were obtained under the assumption that 4 € $,. In this section
we assume that A€ $, or he H,, and obtain additional bounds on S.

THEOREM 7. Let h€ ©,, A € U and let (2.1) hold. Then
(14 1)S(t) e LY(0, o0; B(X)).
Proof. We first prove by induction on k£ (0 <k =<n) that

(5.1) 1S¢()| < C,Zo IPIQA + s+ (e = e(k)).

For k=0, this is just (2.13). Assuming that (5.1) holds for all k<n—1 we shall
prove it for k=n.
Differentiating (3.2) n—1 times we get,

S = —aragxSpe-a s, (") g sy
j=o \ J
(5.2) - S (";l)g;n-l-m)ggm

n=2 (n—1 L[]
Y ( ] ) (n=7) ( )S(i—m)ﬁ(m)'
g o\ J d mZO m)~* A
From g(s)=h(0)+A"(s) we derive, by a simple calculation,
g¥ = (=1Y(h~ (1sj=n)

and by our assumptions on 4 we conclude that |g¥(s)| < ¢ for all s with Re s=0.
Using this fact and the inductive assumption (5.1) for 0Sk<n—1, we obtain
from (5.2) the inequality (5.1) with k=n.

We can now proceed similarly to the proof of Lemma 7, noticing that ${™(s)
is (for 0<m=n) the Laplace transform of (— 1)"¢™S,(¢). We obtain

lemSa®llez = 1SS < cf|A].

Using this result for m=n, m=n—1 and arguing as in the proof of Lemma 7, we
get

lem=2Sa®)ller = cf|A]2.
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Employing this inequality, we obtain from (2.16):

dA dA
=50l s ¢ [ 1rsole il s o [ 1 < o

and the proof is complete.

In the previous proof we have only derived an analog of Lemma 7 with p=2.
The analogous results for p=2 can also be obtained in the same way. This leads
to the following:

COROLLARY. Let h€ 9,, A €U and let (2.1) hold. Then
(1+1t™)S(t) € LP(0, o0; B(X))

for every p with 2<p <.

THEOREM 8. Let h€ 9, A € U and let (2.1) hold. Then e*S(t) € L*(0, o0 ; B(X))
for some «>0.

Proof. We already know that S(¢) € L*(0, co; B(X)), that S7(s) is analytic for
Re s20, and that it satisfies (4.2). If we can prove that S”(s) is analytic for
Res= —a and

(5.3) 1S7@)| £ c¢/(1+]s|) forRes = —«a

then, by Lemma 2, $”(s—a) (for Re s=0) will be the Laplace transform of
d+{

" etSN(s—a) ds = et f tS™(s) ds

6—{

="

-1

for any y =0, 8=y—«, and f(z) will be a bounded function. Since the integral on
the right-hand side is equal to S(z), it will follow that e®||S(z)| S c.

It remains to prove the analyticity of S7(s) in Re s= —« and the inequality
(5.3).

Writing

(54 S7(s) = [N+ A] 7 [g(s)
for Re s=0, we first have to prove that
(5.5) —1/h"(s) € p(4), ifRes = —e.
We have
sh™(s) = h(0)+h"~(s) = h(0)+o0(1) in the half-plane Re s = —v.
Hence, as in the first steps of the proof of Lemma 3,

-1/~ () e p(d), ifRes= —v and |s| = s,.
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On the other hand, if |s| s, and Re s=0 then —1/h"(s) lies in p(4) and, con-
sequently, by continuity,

—1/h"(s)e p(4), ifRes 2= —ea, |s| =,

provided « is sufficiently small. Thus (5.5) is valid.
Next we observe that g(s) is analytic for Re s= —». We claim that

(5.6) g(s) #0, ifRes 2 —«

for some sufficiently small «>0 (which, for simplicity, we take to be the same as
in (5.5)). Indeed, if this were not the case, there would exist a sequence {s,} with
Re s, — 0 such that g(s,)=0. If |s,| — oo then g(s,) — #(0)#0, which is a contra-
diction. If, on the other hand, s, — s* then, by continuity, g(s*)=0, thus contra-
dicting (2.3).

We conclude from (5.4) that S7(s) is analytic in Re s = — . Furthermore, using
(iiiy) we obtain (5.3).

6. Representation of solutions.

DeFINITION. A function k(¢) is said to belong to the class &, , where 1 <p < oo,
0<p=1,if k(t) e CY([0, 0); X), k(t) € LP(0, c0; X), k(0) € D(4¥), k(t) € D(4*) and
A¥k(t) e LY, T; X) for any T>0.

DErFINITION. A function u(t) is called an L%-solution of

©.1) u(t) = k(t)— f: h(t— 1) du(z) dr

if u(t) € L0, o0; X), u(t) € D(A) for almost all >0, Au(z) e LY(0, T; X) for all
T>0, and (6.1) holds for almost all £>0. If the assumption u € L0, c0; X) is
omitted, then we simply call u a solution of (6.1).

THEOREM 9. Let he ©,, A€, k€ &, ,, and let (2.1) hold. Then the function
t
6.2) u(t) = S(t)k(0) +f S(t— 7)k(7) dr
V]

is an L*-solution of (6.1) for any q with p <q < 0. Furthermore, u(t) € C°([0, o0); X)
and, if p<oo, u(t) — 0 as t — co. If v is any L%solution for some 1 £q<co, then
v(t)=u(t) for almost all t>0.

Proof. By Theorems 5, 2, S(¢)k(0) is continuous and bounded for 0<¢<oo,
approaches zero as ¢ — oo, and belongs to L'(0, co; X) for any 1 <r=<oo0.

Next, by Theorems 5, 2 and Young’s inequality [19] we find that the second
integral on the right-hand side of (6.2) is continuous for 0<#<o0, belongs to
L0, co; X) for any p<g =<0 and, if p <oo, approaches zero as t — 0.

We proceed to prove that u is an L?%solution. Taking the Laplace transform of
both sides of (6.2) we get

w(s) = S™E)[kO)+k (s), if Res > 0.
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Thus, by (2.18),
U+h"($)Al"(s) = % [k(©)+k™(s)] = k™(s),
and
6.3) [A=1+ B (I (s) = A7K7(S).

Since 4~! is a bounded operator, 4~1u"(s) is the Laplace transform of A4 ~u(z).
The same remark applies to k. Hence, by the convolution theorem and the
Corollary to Lemma 1, we conclude from (6.3) that

6.4) A~ u(t)+ J: h(t—Du(r) dr = A~k(2).
Consequently the integral [’ * h(t—r)u(r) dr belongs to D(4) and
6.5 u(t)+ A f: h(t— (=) dr = k().
To prove that 4 commutes with the integral in (6.5), we begin with the relation

(6.6) A* J: S(t— k() dr = f: A*S(t— 7)k(7) dr

which follows by Theorem 6 and the fact that 4* is closed. Next, from (2.18) it is
clear that 4A-*S"~=S"4"* Applying the Corollary to Lemma 1, we obtain
A~*S=SA"*. Hence

6.7 A*S(t) o S(t)A4*.
Using the fact that k(+) € D(4*) and (6.7), we get from (6.6)
(6.8) A* J: S(t—Dk(7) dr = J: S(t — 7)A*k(7) dr.
We also have
6.9) A*S(t)k(0) = S(t)A*k(0).

Again using Theorem 6 and the fact that A*~* is closed, we see that the right-
hand side of (6.8) belongs to the domain of 4'~* and A'~* can be applied by
introducing it inside the integral. Since the right-hand side of (6.9) also belongs to
D(A*~*), we conclude that the right-hand side of (6.2) (i.e., u(?)) is in D(A4) and

(6.10) Au(t) = A*~+S(t)- A*k(0)+ ft A4St —1)- A“fc(r) dr.
0
Hence,

c u ¢ ) ___d_f__.
|4u0)] < = |14 k(0)||+cf0 | 44k (=) || =y
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Therefore,

T . T
[ 1o a s cranol+e [ 14k [ oty e
T 4k (0)| + ¢(T) | A*k(7) | 10, 7:x-

Thus Au(t) € LY(0, T; X) for every T>0. Since A is closed, we can then introduce
the A4 in (6.5) inside the integral and conclude that u is indeed an L%solution.

To prove the last assertion of the theorem, suppose v is an L%solution of (6.1)
with k=0. Then it has a Laplace transform satisfying

[I+Hh(s)A]v"(s) = 0 for Res.> 0.

By (2.2) it follows that v™(s)=0 if Re s>0 and, by the Corollary to Lemma 1, we
have v(¢)=0 for almost all > 0.
We remark that a simple consequence is the following well-known result:

IA

COROLLARY. Let h(t)=1, A€W, ke R, ,. Then the assertion of Theorem 9 is
valid.

Indeed, we only have to verify (2.1), and this is clear since A={s; Re s<0} and
g(s)=1.

DErINITION. A function k(¢) is said to belong to the class &, if

k(t) € C*([0, 0); X), k(0) € D(A*), k(t) e D(4*) and A*k(t) e L0, T; X)
for every T>0.

COROLLARY 2. Let he $,, AN, ke R, and let (2.1) hold. Then the right-hand
side of (6.2) is a solution of (6.1).

We shall call this solution the local L®-solution of (6.1).

Proof. It suffices to prove the assertion for ¢ € [0, #,] with any #,>0. Modify
k(t) for t>1, so that the modified function ko(?) is in R, ,. The corresponding
L*-solution uy(t) (given by (6.2) with k replaced by k) satisfies (6.1) for all >0
and it coincides with u(¢) for ¢ € [0, #,]. Hence u(z) satisfies (6.1) for ¢ € [0, #,].

We conclude this section by noting that the uniqueness of solutions can be
proved (by the same method as before) within the class of functions v(¢) which
satisfy: [[v(¢)| = O(e™) for some y>0. In the next section we shall prove a local
uniqueness theorem.

7. A uniqueness theorem and its applications.

THEOREM 10. Let he $,, A € A and let (2.2) hold. Let

t

(1.1 ult) = ki(t)— f h(t— ) du(r)y dr (i = 1,2)
V]

Sor almost all t>0, where

e~ %k(t), e uyt)eLY0,00; X)
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for some >0, and Au(t) € L*(0, to; X) for any t,>0. If

ki(t) =ky(t) for0=t=T (T>0),
then uy(t)=uy(t) for almost all t € [0, T].

Proof. Set k=k;, —k,, u=u, —u,. These functions have Laplace transforms for
Re s> «, continuous for Re s=o. From (7.1) we obtain

u™(s) = [I+HK"(s)A]~ k7 (s).

From (iii,), (2.2) we get |[I+h"(s)A] || £ cif Re s 20, while, by our assumptions
on the k;, |k7(s)| is bounded if Re s «. Therefore

(/A +5)? = (/A +5))I+ R ()A]*k7(s) € H (x5 X).

Furthermore we have

kNGs) = f e-%k(r) dt = e~ f e-Sk(t-+T) dt
T V]
so that
7.2 |k~()| = O(le™*T])  as |s| — oo in the half plane Re s 2 «.
Now, by Lemma 2,

[ u’\(s)]v _ L B8+ 10 et
(A+95)?2] — 27 Js_10 (149)?
where denotes the inverse Laplace transform and B «. By Cauchy’s theorem
we can write the last integral in the form

[+h($)A]~ % (s) ds

(13 ”
~

B +iN
(1.3) lim = lim

N—o Jg—iN N-woJoy

where Cy is a half circle in Re s> with the interval [8—iN, 8+iN] as diameter.
Using (7.2) we see that if # < T then the right-hand side of (7.3) is zero. Hence,

[W /(A4 =0 fort<T.
But then

[ (s)/(1+5)%] = J: (t—7)e ¢ Pu(r)dr =0 ift <T.
Differentiating this relation we get
J:[e‘“’”—(t—-r)e'“'"]u(r) dr =0,
so that
J:e‘u(-r) dr=0 ift<T,

i.e., u(t)=0 for almost all ¢ € [0, T'].
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DEFINITION. We say that & belongs to the class ' if &€ $, and if, in addition,
h e C?[0, ), h(t) is uniformly Hélder continuous in closed subsets of [0, c0) and
h(t)=O(e™) for some y>0.

DEerINITION. We say that k belongs to the class &, if k € &, and if, in addition,
k(2) is uniformly Holder continuous in closed subsets of [0, o).

THEOREM 11. Let he ', A€, ke {,, and let (2.1) hold. Then the local L*-
solution of (6.1) coincides with the strong solution of (6.1) for all t>0.

Proof. The local L®-solution was defined in §6; denote it by v(z). The strong
solution of (6.1) was constructed in Theorem 1.1; denote it by u(z). Let ko(¢) be a
function which belongs to &), vanishes for >7+1, and coincides with k(t) for
0<t=<T. Denote by uy(t) the corresponding strong solution, and by v,(¢) the

corresponding L!-solution of Theorem 9. Then, by Theorems 1.1, 9,
u(t) = ug(t), for0 <t =T,

(7.4) (#) = uo(t)
v(t) = vo(t), for0 =t =T

Next, by Corollary 2 to Theorem 1.5,
(1.5) uo(t) = W(t)k(0)+ J: W(t—nko(7) dr  (W(t) = W(,0)).

Using Theorem 1.6 we see that ||uy(2)| = O(e*) for some &> 0.

Since v4(t) € L*(0,00; X), we can apply Theorem 10 and conclude that
vo(t)=uy(t) for 0=¢=<T. Hence, by (7.4), v(t)=u(t) for 0<¢t<T and, since T is
arbitrary, v(t)=u(¢) for all ¢t>0.

Taking k(t)=k(0) and comparing the representations (1.1.9), (6.2) for the
strong solution and the L'-solution respectively, we conclude:

COROLLARY 1. Let he ', A € U and let (2.1) hold. Then
Sit)= W) (0=1t< o).
From this and Corollary 2 to Theorem 1.5 we get:

COROLLARY 2. Let he ', A€ U and let (2.1) hold. Assume that k(t) satisfies the
condition (K). Then the strong solution u(t) can be represented in the form

(7.6) u(t) = S(t)k(0) +J: S(t— 7)k(7) dr.

8. The resolvent R;. The representation (6.2) requires the derivative of k(t)
to exist and to satisfy certain other conditions. In this section we present another
representation for the solution, one for which nothing is assumed about (¢) but
which requires, instead, that 4**°k(¢) be integrable for some ¢>0. The kernel of
this representation is defined by

@.1) Ri(t) = Al“’[h(O)S(t)+ f " h(t— 7)) df] ©<8<1)
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and will be called the 8-resolvent of (6.1). By Theorem 6,
R;eL*(0, T; B(X)) ifp(1-9) < 1.

DEerINITION. We say that k(z) belongs to the class & if k(¢) e C°([0, 0); X),
k(t) € D(A%, A%(t) e L0, T; X) for every T>0 and some ¢>1/8>0, e~ *A%(t)
€ LY0, c0; X) for some «>0, and, finally, A**¢k(z) € L*0, T; X) for every T>0
and some £>0.

THEOREM 12. Let he ©,, A €U and let (2.1) hold. Then for any k(t) in 8 the
Sfunction

t
8.2 u(t) = k(t)—f Ry(t— 1) A%(7) dr
0
is a solution of (6.1), i.e., u and Au belong to L*(0, T; X) for every T>0 and (6.1)

holds for all t>0.

Proof. By Theorem 6, the Laplace transform Rj(s) of R,(2) exists for all s with
Re s>0. Applying 4°~! to both sides of (8.1) and taking Laplace transforms, we
get (since A°~! is bounded)

A*7IR3(s) = [(O0)+ A" (9)]S7(s) = K (U +H()4]™*
where, in the last equality, we have used (2.18). Thus,
8.3) R (s) = h™(s)A [T+ h(s)A] 2.

Observe next that, by (6.7), A°R;k = R;A°. Using the fact that A° is closed, we
can write (8.2) in the form

u(t) = k(t)— 4° J' " Ry(t— k() d.

Applying A-% to both sides and taking Laplace transforms, we obtain, after
applying A° to the resulting equation,
u"(s) = [I—A°R;(s)]k™(s), if Res > a.
Substituting R; from (8.3), we get
U™ (s) = {I-h"(S)AI+h"(s)A]" k7 (s) = [[+h"(s)A]~ k" (s),
ie., [I+h"()AJu"(s)=k"(s).
By the Corollary to Lemma 1 we then have
t
8.4) u(t) + A j h(t— ryu(r) dr = k().
0

Using now the fact that 4**¢k(t) € L*(0, T; X) for some >0 and any T>0, we
can proceed as in the derivation of (6.7) and the argument following it and show
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that Au(t) € LY(0, T; X) for any T>0. Since 4 is closed, (6.1) then follows from
8.4).

REMARK. If one removes the condition that e~**4%(t) € L'(0, co; X) for some
o >0, then the right-hand side of (8.2) is still a solution of (6.1). Furthermore, this
solution coincides with both the local L*-solution and the strong solution if
he9', ke &,

The proofs of these statements are similar to the proofs of Corollary 2 to Theorem
9 and of Theorem 11.

9. Asymptotic behavior. The integral representations (7.6), (8.2) together with
the bounds that have been established before for S(¢), can be used to obtain results
on the asymptotic behavior of the solutions of (6.1). These results are analogous to
theorems obtained by Friedman [3], [5] in the case where A(¢) is scalar.

DEFINITION. Let v(¢) be a function from [0, o) into X and let ¢(¢) be a periodic
function from (—o0, c©) into X, i.e., #(¢+ o) =¢(¢) for some o>0. We say that v is
asymptotically periodic with limit ¢ if |v(t)—(2)| — 0 as ¢ — oo.

THEOREM 13. Lethe ©,, A€ U, k € &, and let (2.1) hold. If there exists a bounded
periodic function y(t) from (—o0, ) into X, locally integrable and such that

©0.1) [ ko-ponar < e,

then the local L®-solution of (6.1) is asymptotically periodic with the limit

9.2) dolt) = — fo ® S(rW(t—r) dr.

Proof. It is obvious that §,(2) is periodic. By (6.2),

u(t) = S(t)k(0)+ J: S(t—7)[k(r) — ()] dr + J; ) S(r)(t—7) dr + Po(t).

By Theorems 5, 2, the first and third terms on the right-hand side converge to zero
if t — co. It remains to prove that also the second term, call it J(¢), converges to

zero if ¢ — oco. Writing
t N t
J@) = J = J + f
0 0 N

and using (9.1) and the fact that | S(¢)| — 0, we find that, for any ¢>0,
[J()| < e if N= N(e)

is suitably chosen and ¢ is sufficiently large. Hence, |J(¢)| — 0 if # — o0.

In the special case where ¥(t)=0, we have:

Lethe ,, AeN, ke &, , for some p<co, and let (2.1) hold. Then the L-solution
of (6.2) satisfies: ||u(t)| — 0 if t — co.

Indeed, this is a part of Theorem 9.
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THEOREM 14. Let he ©,, A€ U and let (2.1) hold. Let k(t) € &7 and let k(t) be
asymptotically periodic with limit ¢(t), such that A¢(t) is bounded, and locally
integrable and

(9.4) L * | Ak(t)— A$(t)| dt < oo.

Then the solution (8.2) of (6.1) is asymptotically periodic with the limit

©.5) dolt) = — fo ® Ry(r)Ag(t— 1) dr.

The proof is similar to the proof of Theorem 13 provided we show that
[ Ry(t)]| — O as t — co. But this follows from (8.1), since 4 € L}(0, o) and || S(z)| —0
as t — oo.

Similar results can be stated with R;, §>0.

Note that the condition e~ *A4%(r) € L'(0, c0; X) is superfluous (by the remark
at the end of §8).

GENERALIZATIONS. Most of the results of Chapter 2 can be generalized to
include integral equations of the form

u(t) = k(t)— f: A(t— 7)u(7) dr.

Here, A(t) is a bounded operator on X that is strongly differentiable and such that
A(t) e L0, c0; B(X)). Of course, appropriate restrictions on the spectrum of A(r)
must also be made.

These generalizations allow one to study the case of systems of scalar equations
which arise when A(¢) is a matrix of functions.
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